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PREFACE. 


RITING makes the student exact. Many people have good ideas, 

’ V but to be able to write them concisely one must have them 

clearly defined in his own mind, and then understand the rhetoric 
| and the grammar of the languagein which he writes. 

It is much the same with mathematical solutions. Many teachers 
can get the answers to problems—they have the ideas, but they fail 
to have the solution of a problem standing out in their minds in 
all its logical proportions, each of the steps arranged according to its 
| relation to the others. I have heard many teachers say, I can get the 
answer to that problem, and can understand it, but I can’t arrange 
the solution so that it makes sense, of itself. Theart cf writing math- 
ematical solutions has the same relation to mathematics that rhet- 


oric has to literature. 

We have endeavored to present a list of solutions in such a form 
as to enable those who study them to work, to a great extent, inde- 
pendent of rules and formulas. 

It is a very common thing for teachers to show their pupils the 
rules and tell them to work by them. It is not uncommon to find 
teachers who, when asked **why,”’ will answer, “Because the rule says 
so.” It will be seen at once that there is but little discipline or origin- 
ality in following arule. For example, the rule for finding what per 
cent. one number is of another, is as follows: Divide the per centage 
by one per cent. of the base. Very little dicipline is given to the mind 
by following this rule; the pupil knew before how to find one per cent, 
of a number; he also knew how to divide. Hence the method can 


claim but little merit in the way of educating the mind for original 
thought and investigation. Objections may be made to methods that 


would do away, to a great extent, with rules and ‘“‘short-cuts,” on the 


ground that such methods are not practical—_that they do not meet the 


demands of business, etc. This may seem plausible, but two things 
are true; 

Ist. The pupil that knows a subject thoroughly and is mas- 
| ter of its underlying principles can make short practical methods 
for himself. 


2nd. The pupil who is taught the practical rules and short 
methods, is very likely not to know much of the underlying prin- 
ciples, and not master of the subject. 


We have divided every solution in three general departments, in- 
dicated by the Roman chararacters—I., I1,, IT1. The first being the 
statement of the problem, the second its solution, and the third the 
conclusion, This is of little consequence, except so far as it may assist 
in leading the pupils to habits of classifying properly. 


We call especial attention to Percentage and its applications. 
Those desiring to study these methods, would do well to follow their 
development in regular order, mastering each step as they go. Great 
care should be taken where one quantity is compared with another, 
whether in Percentage or not, to determine with exactness what is the 
basis of the computation. Percentage, in general, embraces all those 
computations involving per cent., and in a problem in whieh any 
number of per cent. is given, 100% is the basis, and the matter of most 


| importance, is to detsrmine what that 100¢ represents. In the discussion | 


of problems under this subjeet, teachers should be rigid in requiring 


pupils to answer this question: ‘‘What does 100% represent in this 
problem?” 


We are under lasting cbtigations to many pupils who have en- 
couraged us, in the development of these methods, by approving them 
and carrying them into their schools, ; 
December 20, 1886. 
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| LEAST COMMON MULTIPLE and GREATEST COMMON DIVISOR. 


I. Find the L. C. M. and G. C. D. of 20, 25, 30. 


1 20=2x2x 5. 
2. 25—=—5-x 5. 
Rie fa) a == 2S XS, 
Peet eM — 2 x 2b 53 == 300, 
5. & C.D.=—5 


}Ill. .. tc. m=—=300. ¢.c.p—=5, 


EXPLANATION: 2must be used as a factor of Least Common 
Multiple twiee, else the number found would not contain 20. 5 must 
| be used twice, else the number found would not contain 25. 3 must be 
used once, else the number would not contain 30. Hence the Least. 
Common Multiple=2~25x<5x3. By examining this set of factors it 
will be seen that the respective factors of each of the numbers are to 
be found in it. - 


GREATEST COMMON DIVISOR FOUND BY DIVISION. 


Find Greatest Common Divisor of 150 and 35. 


SoLuTION : 35 ) 150 (4 
140 


10) 35(3 
30 


5) 10 
2 


EXPLANATION: We desire to find a number that will divide 35 
and 150. Itis evident that any number that will divide 35 will divide 
each of the 35’s that are in 150. By dividing 156 by 35 we find that there 
are four 35’s in 150; these may be discarded, since any number that 
will divide 35 will divide each of the 35’s that are in 150. Hence we 

| need only use 35 and the 10 that remains after the 35’s are discarded. 
The same reasoning applies to 10 and 85 asdid to 35and 150. We divide | 
by 10 to discard the 10’s that are in 35, knowing that any number that 
will divide 10 will divide all the 10’s in 35’s and so on, 


. 
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I. Find three numbers that have 1050 for their L. 
CO. M. and 10 for their G. C. D. 


k SO Oe 


9. 102 x 5. 

IL< S35 M2 SO & 3 0 ae Eo. 
4. 2X5X3=30— 2nd. 
be 2x OX t= Ves er. 


III. .-. 50, 30, and 70 = required numbers. 


EXPLANATION: 10is the Greatest Common Divisor, hence its 
factors 2 and 5 are found in each of the numbers. This gives us two 
factors in each number. By examining the factors of Least Common 
Multiple it will be seen that 5 is used twice in at least one of the re- 
quired numbers. 

Again, we see that another of the required numbers has, besides 
2 and 5, the factor3; hence use 2,5 and 8 as its factors. The third num- }} 
ber has, besides the factor 1 and 5, the factor 7; hence use 2, 5and 7 as 
its factors. = 

It may be asked why not use as factors of the first, 2, 5,5 and 3? | 
Because we would then have one factor, 7, left to assist in getling two 
more numbers—which would not be sufficient. Wiete. two numbers 
required, that would do. 

GENERAL OBSERVATIONS: (1) 2 and 5 are factors of each 
of the numbers. 


(2.) 5is found twicein at least one of the numbers, but it may be 
found twice in all but one. 


(8.) 2is found once in each number; 3 and 7 may be found in all but 
one. 


(4) From this it will be seen that other numbers may be found 
that will satisfy the conditions of the problem. 


I. What two numbers between 35 and 840 have 
eee for their G. C. D. and the latter for their 
L. C. M? 


1. 840 = 2X 2X 2X3X5X 7. 
Il WES 15S——s eG 
=. eee 5X 7X 2X 2X 2= 280 = first number. 
4, 5X 7X 38=105—second number. 


III. .. 280 and 105 are the required numbers. 


R. HH. 

NOTE: 5and7 must be used as factors of each number, Reh 
they are the factors of the Greatest Common Divisor. 2 being found 3 
times in the Least Common Multiple indicates that it is used 8 times 
in one of the numbers, 5 
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FRACTIONS. 


I. REDUCTIONS. 
I. Reduce 8% to an improper fraction. 


if se es 
eet yg. 8—8 times ¢= ¥, 
4. P+ 3= %. 
. — 35 
Se toa ee 
I. Reduce £ to thirtieths. 


5|| 
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eee 


FUNDAMENTAL OPERATIONS, 


I. ADDITION. 


C. Denominator. 


II. SUBTRACTION. 
From 3 take ;3;. 
1. L. C. Denominator = 30. 


His? 


NOTE:—This is on the principle, that as the multiplier decreases 
the product decreases, and as the multiplier increases the product in- 
creases, 


IV. DIVISION. 


NOTE:—This is on the principle, that the less the divisor the || 
greater the quotient, the greater the divisor the less the quotient. 


ARITHMETICAL SOLUTIONS. 


MISCELLANEOUS PROBLEMS. 


~I. What number divided by 2 will give 10 for a/ 
quotient? 
. $=required number. 
3 3=— § — quotient. 
10= quotient. Uence 
3—10. 
+= of 10—2., 

= 3 times 2= 6. 

III. ... 6==the number required. 


|| II. 


ihe 


NOTE: In the equation (2) %=quotient. In equation (3) 10= 
| guotient. Two things thai equal the same thing, equal each other. Fs 
This axiom is o greatservice in solucion of problems. 


| I. What number is that, to which if you add 2 of 
| itself the sum will be 20? 
1. 4=required number. | 


t Sie 4#+2 pees 10. 
} IL< 3, P= 20. 
. 4. t=qp Of 20=2. 
| 5. = 7 times 2—14. 
|| III. ... 14= required number. 


R. 8rd p. 164. 


I. A has $2,400; & of his money + $500 is 3 of 
B’s; what sum has B? 


1. $2,400 = A’s money. 
| 2. 8 of $2,400 = $1, 500. 
ps Se a 500 4- $500 = $2,000. 
| IL.< 4. $= B's money. 
5. - § = $2,000. 
6. 4=1 of $2,000 = $400. 
7. 4+=4 times $400 = $1,600. | 
III. .*. B has $1,600. 
a” R. 3rd p. 164. 


at ee | 


8 ARITHMETICAL SOLUTIONS. 
I. £is 2 of what number? 
1. =the number. 
2. a= > 
Id 3) j=fof f=} 
4, §=8 times 7=— 1f =27 


ITI. .*. $ is 3 of 22. 


I. A merchant owning +, of a vessel sold 4 of his 


share for $1,640; what was “the vessel worth at that | 
rate ? 


4 of 4, = 7, = part sold. 
$1,640 — == value of part sold. 


a = 4} of $1,640 — $820. 
1 
I 


f==]15 Tainee $820 — $1 2,300. 
Iil.. - The vessel is worth $12,300. 


It will be observed that he did not sell }44 of the vessel for $1,640, but 
V6 of his share. 


I. A and B together have $620; 2 of A’s mone 


_— 


Es Y 
equals + of B’s; how much has each ? 
( 1. 3 es ==% Bs. 
2. + A’s—dof?t Bis = 74, B’s. 
3. 4 A’s=4 times + 4. B’s = 18 B's. 
4, 142=— B's money. * 
5. 1%— A’s money. 
II 6. 43-41 — 31 — what both have. 
7. $620 = what both have. 
: $1 — $620. 
0. 
i 


— 1 of $620 — $20, 


ohig BL 
10. 13—15 times $20 — $300. 
11. 1816 times $20 = $320. 


: Ae = $320. 
ot ie — $309, 


* Equations (1), (2) and (8) simply find the value of A’s in terms of 
B’s. The 3rd could be read as follows: A’s money equais +4 6 of Bs. 
Where two quantities are compared and one is given in terms of the other, 


al 
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the one that follows the preposition oF is the BASIS of the calculation. 
Hence in this problem B’s money is the basis, and is +3. The same 
explanation may be applied to the solution immediately following, 
In all solutions, where quantities ace compared in this way, it is of 
great importance to be able to tell with certainty what is the bacis of 
ealeulation. Wecoili reason on ine (8) and (4) as follows: The 3rd 
| suates that A’s is +t of B’s, then B’s is +2 of his own, 


1.! The sum of A’s and B’s ages is 41 years; 2 of 
A’s age equals 3 of B’s; find.the age of each. 
¢ A’s = $ B’s. 
x A’s= 4 of 3 B’s — 55, B's. 
A’s = 5 times , B’s = 25 B’s. 


. 


OU HS 00 bO EA 
scnlor en} 


. +8=— B’s age. 
- 33—A’s age. 
IL< 6. 48+ 28—41— gum 
7. 41 years=sum. Hence, 
8. i4=—A4l years. _ 
9. ~;—7, of 41 years =1 year. 
10. +§—16 times 1 year = 16 years—B’s age. 
11. 33= 25 times 1 year = 25 years = A’s age. 
ee ( A’s age = 25 years. 


* "* (B’s age = 16 years. 


I.° The sum of two numbers is 120; one equals 3 
times the other; find the numbers. 


1. $= lesser. 

2. $= greater. 

38. $+4=— 12 = both. 
We 0A 3y a= 120, 

5. $= 7, of 120—10. 

Ga 2: times 10 = 30. 

7. 3 


3 
9 times 10 = 90. 
(6) 
(6) 
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I.% The sum of the ages of A and B is 53 years; 34 
times A’s age equals 54t times B’s age; find age of each. 
(ol 3+ Ga 
2. ¥ A’s=1f Bs. 


3. 4 A’s=+ of 18 Bs— 48 B's 
4, 2 A’s=2 times $$ B’s = $3 B’s. 
5. 21=—B’s age. 
TT 6. ae vA age. 
“") % 34 +=} =sum of ages. 
8. 53 years == sum of ages. 
9. $3 — 53 years. 
10. 3, = 2; of 53 years = 1 year. 
11. 2121 times 1 year= 21 years= B’s age. | 
12. 32 = 32 times 1 year—32 years=— A’s age. 
Tite: A’s age = 32 years. 


B’s age = 21 years. 
I.« A person being asked the time of day replied 


that 2 of the time past noon equaled # of the time to |} 


midnight; find the time of day. 


It will be observed that this problem does not give either the time 
fast nooa, or time to midnight in terms of the other, but gives a part 
of one equal to a part of the other. Hence it cannot be told which is 
| the basis until we reduce them so as to have one in terms of the other. 


1, 24. p. B. == 2 U4. me 

2. ¢+t. pon. = 4-of 3“ == 3 f tm: 

3. £t.p. n.= 5 times “== of t,t mi: 

4, = time to midnight. 

Il 5. 45 =time past noon. 
aie Ws N + 15 = 23 = time from noon to midnight. 

Teele. hours = time from noon to midnight, 
8.0 48 = ag hours. 

9. =, of 12 hours = 32 hours. 
10. are = 15 times +3 hrs —=748hrs.=t. p. n. 


III. .. 742 o’clock P. M:= time of aa 


NOTE, The time of day between noon and midnight is always 


stated as the number of hours after noon, and not the number of hours |} 
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| to midnight; hence in the (10) we use 16 instead of 4, since by the (5) 
we see that 1 a represents the number of hours past noon, 
L A oaon being asked the time of day said that 


|| 3 of the time past noon equaled the time to mid- 
| night; a ‘the time of day. 


Caf exfos 
Il II 
ch eh 
3 3 
a obras 
rd 
ree 
B 
PES 4S 
03 F 
Bi 


+ == ¢ lime from noon to midnight. 

2 hours = time from noon to midnight. 
12 hours. 

+ of 12 hours = ¥2 hours. 

= 5 times 17 — 38 hours = 71 hours. - 
ED ss Tei is 74 hours aoe noon, 74 o’clock, P. M. 


In this problem the time to midnight is given in terms of the time 
past noon. That is, the time to midnight is 24 of the time past noon. 
|| Notice what follows the preposition of. 


it: 


TH 
Il y 


fk on] 


A person giving the time of day said, that 2 of the 

| time to midnight equaled the time past noon; fine 
the time of day. 

In this example the time to midnight follows the preposition of; 

hence the basis is the time to midnight, and would be represented by 


4,while 34 would be the time past noon, and their sum would be the 
time from noon to midnight, which is 12 hours. 


I. The sum of A’s and B’s money is $1,600; A has 
2 more than B; how much has each? 


L. $= B's money. 
2. + %2—3— A’s money. 
3. 2+ 3—%=—= what both have. 
i 4. $1,600 nwhad both have. 
Pos =P 2500: 
6. 4=% of $1,600 = $200. 
7. %—8 times $200 = $600 = B’s. 
8. 2—5 times $200 = $1,000 — A’s. 


Ill. .. A’s= $1,000; B’s = $600. 


This represents a class of problems in which one quantity is a 
|| certain part more than or less than the other. In such examples the 


= : = 


4 


- 
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quantity following the expression *‘more than’ or “‘less than,” is the } 
basis, The latter part of the above problem means that A has 24 of ie 
B’s more than B’s. ! 


I.4 A man spent # of # more than half his money, 
and ‘had $140 left; how much had he at first ¢ 


* em 


SO DOS Se es Pe eo rt 


108 4 2 ee pee = oo spent. 
$0 _ 28 __ 1, — part left. 
iy = $140 
gy =i of $140 — $20. 
8° — 30 times $20 = $600, 

III. ... He had $600. 


REMARK: ,8 more than }4 is af5 Of 4, plus #4. 


'I.- A man spent + more than 3 of his money and 
had $300 left; how much did he have? 


(1. $= his money. 


2. Lof%— +. 
IL. 3. $+ 7 =i; = += amount spent. 
4. 3—4=—+4= amount left. 
5. += $300. 
6. 2=—=5 times $300 = $1,500. 
III. .*. $1,500 = his money. 


REMARK: In ie example it is stated that he spent t more 


than 24 of his money; q more than 24 is 1 5 of 24 plus 34 which is 4 +3 
his money. 


' Wee 


ARITHMETICAL SOLUTIONS. 13 


| Ié A man has two watches, and a chain Sea $20; 
if he puts the chain on the first watch, it will be 
| worth 3 as much as the second watch; but if he puts 
the chain on the second watch, it will be worth 22 
times the first watch; find value of each watch. 


(. $ae= bf +-990. 

2 ist—of (f+ $20) —4f+ M0. 
3. 3s—3 times ($f+$10)=—2f + $30, 
4. $= 1st watch. 

5. $f -+ $30 = 2nd watch. 

6. i f=—3f + $50. 

7. $£= fof (f+ $50) 3. f+ $59, 
8. 4f=—4 times (f+ $22) = 6 f+ $209 
(8.)— 8 f=(9.) f= es 

10. a, f=4 of $249 = $44. 

11. i}f—11 times $42 = $40 = Ist. 


(i= (12.) § = #40 4 $20 — $60. 
13. 4s—tof $60— $30. . 

14. $s=—83 times $30 — $90 — 2nd. 
: iva es Cost of Ist —— $40. 


Cost of 2nd = $90. 
W. p. 248. 


In the eighth ae we see a or et i of the first watch on one 
ih of the equation and >> 7 of first £00) Sy ontheotherside. Of course 
tt of first watch can be seeeaaaa from both sides, which results in 
the ninth equation. The llth equation gives the value of first watch. 
This placed instead of 3 f in the Ist equations, gives the 12th equation. 


.) If 2 of 24 be 12, what will $ of 21 be? 
1. Z0f 24=15. 
2a ors, By a supposition 
oe, Lo ae 
4, 1=+, of 12=—4. 
as 18 = 18 times $= 77 = 143. 

. Under the supposition, 5 $ of 21 = 142. 
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‘I. Ten years ago the age of A was + of the age of} 
B, and ten years hence the age of A will be 3 of the [- 
age of B; find the age of each. 


1. 4=— B’s age 10 years ago. 
2. $= A’s age 10 years ago. 
3. 4 +20 years = B’s age 10 years hence. 

-| 4. 23-+ 20 years = A’s age 10 years hence. 
5. 2 of (¢ + 20 years) = 3 B’s + 163 years. 

i 6. 2 B’s + 162 years = ? B’s + 20 years. 

") (6.)—? B’s = (7.) ~y B’s + 163 yrs— 20 yrs. 
(7.)—162 years = (8.) 7, B’s = 34 years. 
9. 12—12times3j{—40 yrs.—B’s age1l0 yrs.ago. 


10. of 40 yrs—= 30 yrs. = A’s age 10 yrs ago. 
11. 40 yrs. + 10 yrs. = 50 yrs = B’s age now. 
12. 380 yrs. + 10 yrs.= 40 yrs.— A’s age now. 

. §50 years = B’s age. 

IIL. ee b 5 3 

40 years = A’s age. 
In the 5th equation we see 3 B’s age on one side, and 34 B’s age on 
the other. We can subtract 34 B’s age from both sides and affect the 
equation only in form. We also subtract 1624 years from both sides of 


the 6th equation, By making these subtractions we simplify the | 
equatjons. 


Is At the time of marriage a wife’s age was 3 of 
that of her husband, and 10 years after marriage her 
age was 75 the age of her husband; how old was each 
at the time of marriage ? 
= husband’s age at time of marriage. 
= wife’s age at time of marriage... 

+ 10 yrs.= age of hus. 10 yrs. after mar. 
+ 10 yrs.= age of wife 10 yrs. after mar. 
fy of ($ h. + 10 years) — +5 h. + 7 years, 
zy h.+ 7 years = $ h. + 10 years. 
)—3 h= (7.) py h. + 7 years = 10 years. ~ 
J—T years = (8.) 7, h. =8 years. i. Ee | 
¢ h.=10 times 3 years=30 years=his age. | 


|_ oye crfos olor 


| 


1 
2 
3 
4 
b. 

ieee 
( 
( 
9 


Fe 

3 
408 

ers 

oe 
e 


of 30 years = 18 years = wife’s age. — 
years = husband’s age at marriage. — 
J 


years = wife’s age at marriage. === J 


~ Ne oi 


ARITHMETICAL SOLUTIONS. 


EXAMPLES. 


1. Two men, A and B, bought a farm paying 
$6,000 for it; A paid 2 as much as B; what sum did 
each pay ? 


é 2, 4 of a number increased by #2 less than 2 of 
| it, is 400; find the number. 


8. A person giving the time of day said that 2 of | 
time to midnight equaled 3 of the time past noon; 
find the time of day. ; 


_ 4. Being asked the time of day, I said that 2 time 
{| past noon equaled 4 times the time to midnight; find 
the time of day. 


|. 5. A man spent ? of {% less than $ his money and 
had $600 left; how much had he at first? 


64 “4 of my money equals 2 of it plus $210; how 
much have I? 


%. 42of B’s age plus 10 years equals 4 of his age 
| plus 27 years; how old is he? See remark page 14. 


8. A boy lost 4 of his money and then found 80 
{| cents; he then had 20 cents less than what he had in 
the beginning; how much had he at first? 


9, 15 years ago A’s age was ? of B’s; 20 years, || 
: pence A’s will be $ of B’s; find age of each. 


ss 107 2 of a pole is in the mud; 4 of it in the water 


and 10 feet in the air; how many feet are in the mud? 
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METRIC SYSTEM. 


Let the teacher present this subject in the follow- 
ing order: 


ist. Begin with the four measuring units, METER, ARE, LITER 
and GRAM, and get it thoroughly fixed in the pupil’s mind that— 


Meter measures length. 
Are measures surface. 
Liter measures capacity. 
Gram measures weight. 


2nd. Show that ARE, LITER and GRAM are derived from the 
METER. : 


3rd. Drill pupils rigidly on the following prefixes : 


millfse (G0: hep amas | 
Latin, < centi= .01. Greek, Tilo — 1000 
deci— .1. = ( 


myria = 10000. 


4th. Now aoply these prefixes to the measuring units as follows: 


Milli-meter = one thousandth of a meter. 
OCenti-liter = one hundredth of a liter. 
Deka-liter = 10 liters, and so on. 


By the above the teacher can lead the pupils to make all the 
necessa~y tables for themselves. Let us make a table of weight, using 
the GRAM as the unit of measure, Beginning with the Latin prefixes 
it will be seen that a milli is only qv of acenti, or a milli-gram is only 
ty of a centi-gram; hence 10 milli-gram =1 centi-gram. Again, a 
eenti is te of a deci, or a centi-gram is hy of a deci-gram; hence 10 
centi-grams= 1 deci-gram, and so on to the Greek prefixes. In these 


a —— 


we see that deka is 54, of hecto, or a deka-gram = zip of a hecto-gram; 
ivence 10 deka-grams = 1 hecto-gram, and so on. 
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COMPOUND NUMBERS. 


The object in presenting this subject, is to show that the processes 
used in adding, subtracting, multiplying and dividing compound 
numbers are exactly the same as those used in addition, subtraction, 
multiplication and division of simple numbers. 


Add the following: 
4 8 


bushels, 4 pecks, 7 quarts. 
ce 2 5 “ 


bushels, 3 pecks, 5 quarts. 


10 10 


4 hundreds, 3 tens, 7 units. 

5 2 ba 

6 74 3 [24 4 oc 
Simpte Numbers.< 2 


20 hundreds, 5 tens, 1 unit—2051 


By examining the last example it will be seen that in adding 
simple numbers, we add each column, and divide the sum by the num- 
ber of units of that order, required to make one of the next higher, 
place the remainder under the column, and carry the quotient to the 
next higher order. Precisely the same is done with common num- 

| bers. Adding the right-hand column of the second we have 7+5+4+3 
42-21; 21-10 -2, with a remainder 1. In the first example, by adding 
the right-hand column we have just the same sum, 21; this we divide 
by 8, because 8 of that order are required to make one of the next 
higher. The only difference then is in the relation of the orders. In 
simple numbers that relation is always 10, while in compound numbers 
i it varies. The same explanation applies to subtraction, 


4 
5 
6 
Compound Numbers. 2 od BD ec 
2 
22 
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Multiply the following compound number by 4. 
7 24 


Compound No.—5 weeks, 9 days, 7 hours. 


25 weeks, 2 days, 8 hours. 


Multiply the following simple number by 4. 


Simple No.—5 hundreds, 9 tens, 8 units. 
4 


23 hundreds, 9 tens, 2 units = 2392. 


NOTE, The process in these is exactly the same. In the com- 
pound number we multiply 8 hours by 4 and diviue by 24 to reduce to 
davs; inthe simple number we multiply the 8 units by 4 and divide 
by 10 to reduce to tens. In the compound number we multiply 9 days 
by 4, add the one day derived from the hours, and divide by 7 to re- 
duce to weeks; in the simple number we multiply 9 tens by 4, add the | 
tens derived from the units and divide by 10 to reduce to hundreds, 
andsoon. Thus we see the processes are thesame. The same is true | 
of Division, 
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PERCENTAGE PROPER. 


In Percentage three quantities are considered: (1) Base, (2) the |} 
Rate, and (3) the Percentage. When two of these quantities are given, 
|| the third may be found. 

Analytical solutions will be given, of examples under the four fol- 
lowing cases. 


CASE I. 


Given} Rate I required Percentage. 


I. Find 20% of $500. 
F 100% = $500. 


Il. 42. 1% = 74, of $500 = $5. 
3. 20% = 20 times $5 = $100. 


IIL. .-. 20% of $500 = $100. 


I. Find 8% of $600. 
F 100% = $600. 


|i 22. 1% =-+1, of $600 — $6. 
| 3. 2% = 2 of $6 = $3.75. 


|| IIL. .-. 8% of $600 = $3.75. 


J. Find .2% of 38% of .8 of $1,500. 
(1. .8 of $1,500 = $450 
. 2. 100% = $450. 
AS 3. 1% =k, of $450 = $4.50. 
4 
1 


3% = 3 of $4.50 = $1.35. 


. 100% =$1.35. & 
B< 2. 1% = 7h, of $1.35 —$.0135. 
3. .2% =.2 of $.0135 = $.0027. 
\III. .. .2% of .3% of .8 of $1,500 = $.0027. 

NOTE: This solution, to be logically arranged, must be divided 
into two departments, A and B; for it will be observed that 100% is 
used twice, and represents a different sum each time; at one time it 
| equals $450, and at another $1.35. 


ab 
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CASE II. 


Base, ; 
Given { Percentage, | required Rate. 


REMARK: The Base may be’known by its being the quantity | 
with which the other is compared, and will follow the expression 
“of,” “more than,” or “less than,” See top of page 12. Z 


I. What per cent. of 8 is 2? 
1. 8=100%. 
II. (2. 1=+4 of 100% =123%. . 
3. 2=2 times 124% = 25%. 
III. .. 2is 25% of 8. 


NOTE: In this exampie 8 is the basis and is 100¢ of itself. 


I. What per cent. of 3 is 9? 
(1. 3=100%. Yo 
II. <2. 1=4 of 100% =33}%. . 
(3 9=9 times 334 = ae. 
Ill. .. 9 is 800% of 3. 


I. What per cent. of $ is ts? ov 
1. $3=100%. 
2. 4=+4 of 100% = 50%. 
3. $=—8 times 50% — 150%. 
4. ~=75 of 150% = 20%. 
IIT. .. 3 is 20% of 3. 


CASE ITI. 
Given | Pent alase| required: Base. 


Fi 


60 is 20% of what number? 
1. 100% = number required. 
Iz 2 20% = 60. 
") 38. 1% =, of 60=3. 
S 100% = ="100 times 3 = 300. 
III. .. 60 is 20% of 300. 
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I. is 250% of what number? 
1. 100% required number. ( 2 
TJ 2 250% = 3. 
") 3. 1% = xh 7of $= 106 
4. 100% = 100 times = f... 
2 is 250% of + vdon— He 


if ug is 162% of what number? 
( 142 — 190. 5 162% = 3%. 

100% = = “required number. 
50 Ip e244 00 
i: ae 

$% = dy of 192 = 2. 
3% — 3'times ? = §. 
100% = 100 times $ = £99 — 858. 
1 8 aay eee is 163% of 853. 

ig x man owning 60% of a factory, sold 40% of 
_ || his share for $9,600; at this rate, what was the value 
|| of the faetory ? : 
| (1. 100% = value of factory. 
60% = his share. 
40% of 60% = = part sold. 
$9,600 = value of part sold. 
ae = nb Lpae 

1% = ¥; of $9,600 = $400. 
100%—=100 times $400—$40,000—val. of fac. 
- $40, 000 = value of factory. 


R. 3rd p. 202. 


| IL. 
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Wh, Com. p. 141. 

43 The eaealier of pupils in daily attendance in a 
certain school is 420, which is 80 per cent. of the en- 
rollment; how many pupils are enrolled ? 
1. 100% =number enrolled. 
2. 80% =number in daily attendance. 
3. 420—number in daily attendance. 
4, vies a 420. 
5. 
6. 


1% = of 420 = 5.25. 
fe 100% = 100 times 5.25. 
| III. .. 525 = number enrolled. 


Wh. Com. p. 141. 
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CASE IV. 


Given} Rate and sum or difference 


of Base and Percentage, | required Base. 


I. What number diminished by 6 per cent. of it- 
self is equal to 7.52? 


1. 100% = number. 
2. 100% —6% = 94%. 
IL.< 3. 94% = 7.52. 
4, 1% =; of 7.52 — .08. 
5 100% = 100 times .08 = 8. 


III. ... 8 = the required number. 
R. 8rd, p. 208. 
I. A horse cost $160, which was 20% less than the 
cost of the carriage; what was the cost of carriage ? 


See Remark, page 20. = 


100% = cost of carriage. 

100% — 20% = 80% = cost of horse. 
$160 = cost of horse. 

80% = $160. 

1% = ¥y of $160 = $2. 

100% = 100 times $2 = $200. 

III. .*. Carriage cost $200. 


Il. 


ea dare nn 


Wh. Com. p. 142. 


I. A school enrolls 230 boys, which is 15% more 
than the number of girls enrolled; how many pupils 
in the school? 

See Remark, page 20. 
100% = number of girls. 
100% + 15% = 115% = number of boys. 
230 = number of boys. 
ae = 230. 
1% == 74; of 230 = 2. 
100%=100 times 2=200—number of girls. 
230 + 200 = 480 = number of pupils. 
Dias dees == number of pupils enrolled. 
Wh. Com. p. 142. 


Il. 
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MISCELLANEOUS EXAMPLES. 


REMARKS. It has already been remarked that when one thing 

|| is said to be such a part “Sof,” or so much “more than,” or “less than,” 

| another, the one following such expression is the base. But if it is 

| said that a part of one is equal to a part of another, then it will be 
necessary fo find the one in terms of the other, and then the base can 

| be determined. The following for example: 20% of A’s money is 25% 
of B’s. Reduce as follows: 


20% A’s= 25% B's. 
1% A’s= yy of 25% Bs — 3% B's. 
100% A’s = 100 times £% B’s = 125%. 


Now this last reads that A’s is 125% of B’s, hencé B’s is the base 
and is LUO. 


| I. A and B together have $500; 10% of A’s equals 
15% of B’s; how much has each ? 


10% A’s=15% B's. 
1% A’s= 7, of 15% B’s = 8% B’s. 
100% A’s=100 times $% Bs=150% B’s. 
100% — B's. 
150% — A’s. 
250% = sum of both. 
$500 = sum of both. 
250% = = $500. 

1% = xhy of $500 = $2. 
100% = 100 times ee = $200 = B’s. 
150% = = A’s. 
. { A’s = $300. 

{Bis == $200. 


NOTE: The 3rd equation reads that A’s equals 150¢ of B’s; B’s 
share is 100% of itself, and A’s is 150% of B’s share. 


( 
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. A miller takes for toll 6 quarts for every 
bushels of wheat ground; what per cent. does 
take ? 


OD Or 


f _ 
a se , ot ae in 


1. 5 bushels = 160 quarts. 
Il 2. 160 quarts = 100%. 
“) 8. 1 quart = 74, of 100% = &%. 
4. 6 quarts = 6 times #% = 33%. 
III. .. He takes 32% toll. 
R. 3rd, p. 203. 


NOTE: Had the miller taken 160 quarts, he would have taken all, 
or 100%. Hence 160= 1004. 


I. A farmer owning 45% of a tract of land, sold 
540 acres, which was 60% of what he owned; how 
many acres were there in the tract? 


eri. 100% = tract of land. 
. 45% = what he owned. 
60% of 45% = 27% = part sold. 
540 acres — part sold. 
er = we) acres. 
1% = ¢, of 540 acres = 20 acres. 
100% = 100 times 20 acres=2,000 a.tract. 


IIT. The tract = 2,000 acres. 


i, 
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R. 8rd, p. — 


te The five-cent piece weighs 5 grams, of which 
1.25 grams are nickel, and the remainder copper; 
what per cent. of it is copper? 


5 grams = both, (nickel and copper). 
1.25 grams = nickel. 
5 grams—1.25 grams=3.75 gr ams—copper. 
5 grams = 100%. 
1 eram =} of 100% — 20%. 
3.75 grams = = 38.75 times 20% = 15%. 


4 5% is copper. 


II. 


2 ies 


R. 3rd, p. 25, 
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ae 
{ I. A man’s expenses are 80% of his income, a 
| 333% of his income equals 10% of his property, which 
| is valued at $27,000; what are his expenses? 


$27,000 = his property. ; 

10% of $27,000—$2,700—334% of income. 
100% = income. 

334% = $2,700. 

1% = 3s of $2,700 = $81. 

100% = 100 times $81 = $8,100. 

80% of $8,100 = $6,480 = expenses, 


III. .. His expenses are $6,480. 
| . Wh. Com. p. 145. 


NOTE: In the 8rd equation we might let 3 = income and in the 
4th 44> $2,700. Then 3 =3 times $2,700 = $8.100. 


If 32% of 75% of 800% of a number is 1,539, 


hat is it? 
100% =the required number. 
15% of 800% = 600%. 
Il . 382% of 600% = 192%. 
‘\ 4, 192% = 1,539. 
. 1% = x7 of 1,539 = 8.01,. 
. 100% =100 times 8.01,% = 801%. 
Ill. .*. 801,5, = required number. 
; R. H., p. 210. 


I. .A farmer raises wheat and corn; his wheat crop 
is worth $1,036, which is 40% more than the value of 
the corn crop; what is the value of the corn crop ? 

(1. 100% = value of corn crop. 
| 2. 100% + 40% =140%. 
Il.< 3. 140% =$1,036. 
4, 1% = 74, of $1,036 = $7.60. 
(5. 100% = 100 times $7.60 = $760. 
III. .:. The corn was worth $760. 
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I. A coat cost $32; the trimmings cost 75% less 
and the making 50% less than the cloth; what did 
each cost? 


100% = value of cloth. Pape 5. 
2. 100% = 715% = 25% = cost of trimmings. 
3. 100% — 50% = 50% = cost of making. 

4. 100% +25% +50% =175% =cost of coat. 
5. $32 = cost of coat. 

6. 175% = $32. 
is 

8 

9 

1 


i 


II. 


1% = 74, of $32 = $.1828« 
100% = 100 times $.1828 — $18.28x*==cloth. 
. 25% = $4.57x = trimmings. 
0. 50% = $9.14« = making. 
$17.77x = cost of cloth. 
Ill. .. <$ 5.33% = cost of trimmings. 
$ 8.84« = cost of making. = 
R.-., ‘p: 2th. 


I. An army loses 27 per cent. of its number in 
battle and has 22,630 men remaining; how many did 
it contain ? 

100% = required number. 

27 % = number lost. 

100% — 27% = 73% =number remaining. 
22,630 = number remaining. 

73% = 22,630. 

1% = qs of 22,630 = 310. 

. 100% = 100 times 310 = 31,000. 

| IIL. .*. 81,000 = number of men in the army. 


Il. 
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I. 81 men are 5% of 60% of how many men? 
100% = number of men. 

5% of 60% = 3%. 

3% = 81 men. 

1% =4 of 81 men = 27 men. 

5. 100% = 100 times 27 men = 2,700 men. 
Weck “. 81 men = 5% of 60% of 2,700 men. 
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APPLICATIONS OF PERCENTAGE, 


7 ny 
4) COMMISSION. 
I. A wool agent receives a commission of 2%, and 
his commission is $40; find the value of the wool 
handled. 


100% = value of wool. 
2% = commission. 
$40 = commission. 
2% = $40. 
= 4 of $40 = $20. 
== 100 times $20 — $2,000. 


“JT. An agent receives $210 with which to purchase 
goods; after deducting his commission at 5% what 
sum will he spend for goods? 


qf. esl = amount spent for goods. 
| 2. 5% =commission. 

3. 105% = entire amount received. 
IL< 4. $210—entire amount received. 

5. sige tas 

6. 1% = 7s of $210 = $2. 

Je 100% = — 100 times $2 = $200. 
III...*. $200 = amount spent for goods. 


B I. What are the net proceeds on a sale of goods 
a 


mounting to $180, at 4% commission ? 
1. 100% entire amount of sale. 
2. 4% = commission. 


| I. 3. 100% —4% = 96% = net proceeds. 


4. 96% of $180 = $172.80. 
Ill. .. $172.80 = net proceeds. 
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I. A lawyer collected a bill at 25% commission 
and remitted $7.50 as net proceeds; what was the | 
amount collected ? 


100% = amount collected. 
25% == commission. 
100% — 25% = 715% = net proceeds. 
$7.50 = net proceeds. 
15% = ST. 50. 
1% = qs of $7.50 = $.10. 
100% =100 times $.10 = $10. 
- $10— =the amount collected. 


_ 
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I. A society paid a lad $6 for collecting member- 
ship dues, to the amount of $100; what rate of com- 
mission did he receive ? 


_— 
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1. $100 = 100%. 

Il 2 $1 = +1, of 100% =1%. : 
3. $6=—6 times 1% =—6%. 

Ill. ... He received 6% commission. 


I. A real estate broker sold a section of land (640 
acres) at $7.50 per acre, and invested the proceeds in 
railroad stock, receiving 14% for selling the land and 
4% for buying the stock; what was his brokerage? | 


1. 640 acres at $7.50 = $4,800. 
A< 2. 14% of $4,800 = $72—com. for selling. 
3. $4 800—$7 2 = $4,728 — net proceeds. 


100%=am’nt of railroad stock bought. 
$% = commission. 

100$% = railroad stock + commission 
$4,728 = railroad stock + commission, 
1008 % = = $4,728. 

th = q yy: $46. A — $41. Olx = com. 
Ill. ori: commission was $72 + $41. 01 = $113.01. 


il. 
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[ 

| I. A grain deaier in Chicago received $5,000 with | 
| directions to purchase wheat at $1.10 a bushel, after |: 
deducting his commission at 24%; how many bushe!s i 
of wheat did he purchase? 
100% — amount spent for wheat. 
23% = commission. 


— 102% = amount received. 

$5,000 — amount received. 

1024% = $5,000. 

1% = ths, of $5,000 — $48.78. 

100% = 100 times $48.78 — $4,878. 
+e . $4,878 +$1.10—4434.5—number of bushels. 
Ill. ... He purchased 4434.5 bushels. 


I. My commission at 3% was $120; find amount 
of sale. 
1. 100% =amount of sale. 
2. ° 3% = commission. 
Il 8. $120 — commission. 
4, 3% —$120. 
5. 1% =+4 of $120 — $40. 
6. 100% = 100 times $40 = $4,000. 
IIT .:. $4,000 = amount of sale. 
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TRADE DISCOUNT. : 


I. Bought 100 dozen stay bindings at 60 cents per 
dozen, for 40, 10 and 74% off; what did 1 pay for them ? 
1 dozen = 60 cents. 

100 dozen = 100 times 60 cents = $60. 
40% of $60 = $24. 
$60 — $24 = $36. 
10% of $36 = $3.60. 
$36 — $3.60 = $32.40. 
74% of $32.40 = $2.43. 
. $32.40—$2.43 — $29.97. 
IIL .. $29.97 = cost. 
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I. Sold 20 dozen feather dusters, giving the pur- | 
chaser a discount of 10, 10 and 10%; his discounts 
amounting to $325.20; how much was my price per || 

|| dozen ¢ 


i. 100% —my price for 20 dozen. 
2. 10% of 100% =10% = Ist discount. 
38. 100% —10% = 90%. 
4. 10% of 90% =9% = 2nd discount. 
5. 90% —9% =81%. 
6. 10% of 81% =81% = 8rd discount. a 
I< 7. 10%+9%+81%=27.1%=—am’t of dise’ts. || | 
8. $325.20 — amount of discounts. . 
9. 27.1% =4$325.20. . | 2 
10... 1% = sz Of $325.20 = $12. — 
11. 100% = 100 times $12 = $1,200. 3 
12... 20 dozen = $1,200. + 
13. 1 dozen = 7; of $1,200 = $60. . 
III. .. $60 = price per dozen. x 
R. 3rd, p. 290. || ‘ 
| :- 
: PROFIT AND LOSS. | c 
I. Sold silk at $1.35 per yard, and lost 10 per cent.; = 
at what price per yard would I have sold to make | : 
profit of 162 per cent.? | : 
1. 100% —cost price. 3 
2. 10% —loss. | a 
3. 90% =selling price. [a 
A< 4. $1.35 = selling price. Ss 
5. 90% = $1.35. : 
6. 1% =, of $1.85 = $.015. x 
Il 7. 100% =100 times $.015— $1.50 cost. || 7 
1... 100% = $1. 50. ‘ 
p22 1% =r5 of $1.50=$. O15. % 
3. 163% = 162 times $.015 = $.25. f 
4, $1.50 + $.25 = $1.75, a 


. $1.75 = price sold at to gain 162%. ae 
R.3rd, p. 211. {I 
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A bookseller sells a grammar for 90 cents which 
cost 75 cents; what is his gain per cent.? 
75 cents — cost price. 
90 cents = selling price. 
90 cents — 75 cents = 15 cents = gain. 
75 cents = 100%. 
1 cent = 7; of 100% =$h. 
15 cents = 15 times $% = 20%. 


PIL .. He gained 20%. 


Tr, 
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R. 3rd, p. 210. 


I. A merchant reduced the price of a certain piece 
of eloth 5 cents per yard, and thereby reduced his 
profit on the cloth from 10% to 8%; what was the 
cost of the cloth per yard? 


{ 1. 100% = cost. 

2. a hie = profit before deducting. 
3. 8% =profit after deducting. 

Il 4. 10% —8% =2% = deduction. 

") 5. 5 cents = deduction. 

6. 2% =5 cents. 
(ee ea of 5 cents = § cents. 
- 100% = 100 times 3 cents = $2.50. 


. $2.50 = cost price. 
R. 8rd, p. 211. 


I. A merchant sells goods at retail 30% above cost, 
and at wholesale 12% less than the retail price; what 
is his gain per cent. on goods sold at wholesale ? 

6 4,-7 100% '= cost. 
2. 1380%.= retail. 
Il.< 3. 12% of 130% —15.6%.. 
4. 130% —15.6% =114.4% = wholesale price. 
: 5. 114.4%—100%=14.4%=gain at Bela ne: 


/ III. .. He gained 14.4% at wholesale. 
| Wh. p. 148. 


= 
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I. A merchant sold velvet at a profit of $2 per yard | 
and gained 20 per cent.; how much did it cost? 


1% = gy of $2 = $.10. 
100% = 100 times $.10 — $10. “ 
III. .. $10 = price of velvet. 
I. How must cloth, costing $3.50 a yard, be mark- 


ed that a merchant may deduct 15 per cent. trom 
the marked price and still make 15 per cent. profit ¢ 


(1. 100% =cost per yard. 
2. 20% = gain: 
II 3. $2 gain. 
") 4. 20% = $2. 
5. 
6. 


1. $3.50 = cost price. 
2. 15% =—gain. 
AS 3. 15% of $3.50 = $.525. 
4, $3.50 + $.525 = $4,025 = selling price. 
ul 1. 100% = marked price. 
. 2. 15% = deduction. 
3. 100% —15% = 85% = selling price. 
B< 4, 85% = $4.025. 
5. 1% =; of $4.025 = $.04735. 
6. 100% = 100 times $.04735 = $4.735. 


. $4.735 = marked price. 
Wh. p. 148. 


. REMARK: In the Ist department of this solution 100%= cost; in 
the second, 1004—= marked price; hence the solution is divided into two 
departments, 

I. A merchant marked a piece of silk at 25 per cent. 
above cost, and then sold it at 20 per cent. less than 
marked price; did he gain or lose, and how much? 

1. 100% = cost. 
2. 125% = marked price. 

IL.< 3. 20% of 125% — 25%. 

4, 125% — 25% = 100% = selling price. 
“ 100% — 100% = 0. 
III. ... He neither gained nor lost. 
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I. How must I mark goods costing $7 per yard 
that I may deduct 40 per cent. from the asking price 
| and still make 20 per cent. ? 


1, $7= cost. 

ad 2 20% = gain. 
3. 20% of $7=$140—gain.  _ 
4. $7-+ $1.40 = $8.40 = selling price. 

Ul 1. 100% = asking price. 
; 2. 40% =reduction. 
13. 100% — 40% =60% = ae price. 

B< 4. 60% = $8.40. 
5. 1% = gy of $8.40 = $3.14. 
6. 100% = 100 times $.14 = $14. 

III. ... I must mark it at $14. 


I. A merchant bought tea at 20 per cent. tess than 
its market value, and received a discount of 5 per cent. 
for cash. He sold it at an advance of 15 per cent. 
above its market value; what was his gain per cent.? 


(1. 100% = market value. 
aa be = price to merchant. 
af 5% of 80% —4% discount. 
Il 4. 80%—4%=16%=actual cost to merch. 


1. 115% =selling price. 
2. 6% =actual cost. 
3. 115% — 16% = 39%. 
BY 4. 16% =100% of itself. 
5. 1% = Oe as fe 25%, 
6. 389% = 89 times + £ Ip == 51 4 5 Io. 
Ill. .. His gain was 51,% per Goat. 


REMARK: Under A we found 76% of the market value to be the 
actual cost to the merchant. Itis stated that he sold it at 115% of the 
|| market value; hence he gained 39% of the market value, but his actual 
| gain on his investment is whatever per cent. 39% is of 76% which is 
} found by tne 4th, 5th and 6th equations under B. 
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(1. Sold an article at 20 per cent. gain; had it eost 
| me $300 more, I would have lost 20 per cent.; find 
the cost. 


1. 100% = actual cost. 
2. 100% +20% =120% =actual selling price. 
3. 100% + $300 = supposed cost. 
4, 20% =loss on supposed cost. 
5. 20% of (100% + $300) = 20%+-$60 = loss. 
IL.< 6. (100% +$300)—( 20% +$60)=80%+$240—=s.p 
7. 120% =selling price. 
8. 120% = 80% + $240. 
(8.)—80% = (9.) 40% = $240. 
10. 1% = dy of $240 = $6. 
11. 100% = 100 times $6 = $600. 
I. .*. $600 = cost price. 
: R H., p. 369 
REMARK: In the 5th equation we find that 204+ $0-loss on the 
supposed cost. If we deduct this from the supposed cost the result 
will be the selling price, which was 120% of the actual cost. Hence the 
8th equation. Taking 80% from both sides of the 8th we have the 9th. 
Below we give a solution of this example which was given to us by a 
teacher. We publish it to illustrate bad methods. 


100 + 20% = $120.  $300—$120 = $180. 
180 + 1% = 20 &e.—= 20)180( $900. 
180 


$900—$300—$600—Ans. 


COMMISSION AND BROKERAGE COMBINED. 


(1.) A commission man may get commission for buying, selling or 
collecting. 

The important thing to keep constantly in mind is the base, or the 
thing upon which commission is computed. For instance, if he is 
buying he gets commission on what he spends, 2nd. If selling, then 
his commission is on selling price; if collecting, the commissiouwis on 
the sum collected. = ; 

(2.) A broker is one who buys or sells whatever has a par yalue. 


The broker is usually defined as one who buys or sells stocks, bonds, 


ete. This “ete.” is not definite enough. The teacher can get the idea 
of par value before his class by questions. For example ask the class 


to name some things that have par value. The pupils will say notes, ‘ 
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a es 
stocks, money, and soon. Then ask them to name somethings that 
have no par value. That is easily done. Now at. this place get clearly 
before them the difference between brokerage and’ commission—the 
one has to do with what has a par value, while the other has to do 
with that which has no par value. 

Here are some examples such as may be used by the teacher to 

to enforce the main principles of these subjects: 


& 


(1.) My agent bought silk for me 10% below list, 
and charged me 2% for buying; what did the silk 
cost ME? 


1. 100% = list. 

2. 90% = what agent paid. 

3. 2% of 90% =1.8% = agents commission. 

4, 90%+1.8%=91.8%—cost to me in terms of par. 


_ REMARK: He, the agent, is buying, and his commission is on 
what he pays, 


(2.) My agent buys silk 20% below list, and 
charges commission of 5%. I sell the goods 10% be- 
low list, what per cent. profit do I make on my in- 
vestment ? 


1. 100% =list. 
2. 80% = what agent paid. 
3. 5% of 80% =4% = commission. 
4. 84% —cost to me. 
- 5. 90% =selling price (sold at 10% below list). 
“. 6. 14% = gain. 
‘Now whatever per cent. 14 is of 84 will be the per cent. gain; 14 per 


cent. is not the per cent. gain, because it is in terms of par. The per 
cent. gain or loss is always in terms of cost. 14% is 16?4% of 84¢. 


|| (3.) My agent bought silk 20% below list, com- 
|| mission 3%, and I sold it through another agent at 
10% below list, his commission being 8%, what per 
|| cent. profit did F make on my investments? 
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100% = par. 
80% = what agent paid. 
3% of 80% = = commission. 


82.4% = total cost to me. 

90% = what other agent sold it at. 
3% of 90% = 2.7% = commission. 
87.3% = net sale. 

87.3% — 82.4% =4.9% = gain. 


Now find what per cent. 4.9 is of 82.4 and this will 
be the per cent. gain. 


in 
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Pie Ore ee 


REMARK: At this point when your pupils think they under- 
stand this principle of commission well, let the teacher slip in an ex- 
ample like the following: 


(4.) Got my broker to buy me some bonds, which 
he secured at 10% below par, charging me 2% for 
buying, and then at my advice he sold them 5% above 
par, charging me 2% for selling; what per cent. profit 
did I make on my investment ? 


Your class will quite likely solve it wrong, as follows: : i 


100% = par. 

90% = what broker paid. 

2% of 90% =1.8% = brokerage. 

91.8% = total cost. 

105% = what broker got when he sold bonds. 

2% of 105% =2.1%—=brokerage. ~ 

102.9% = net sale. 

102.9% — 91.8% =11. 1% = gain, and then Had 
what per cent. 11.1% is 91.8%. 


Sg or a ee 


You tell them this is wrong, and let them study brokerage and find 
out why. 


The point is that while in commission the agent gets his per cent. 
commission on the business done, yet in brokerage the broker gets 
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his per cent. on par value always, and accordingly the following is the 
| correct solution for the above example: 
100% = par. 
90% = what broker paid. 
2% = brokerage. 
92% = total cost. 
105% = what broker sold for. 
103% = net sale. 
103% — 92% = 11% = gain. 

And whatever per cent. 11 is of 92 is the per cent. 

gain. 

REMARK: Nothing can have a better effect than for the teacher 
constantly to impress upon the minds of his pupils that percent. gain 
or loss isalwaysestimatedon cost. That commission is always on cost 
if agent is buying, on selling price if agent is selling, and on amount 
collected if agent is collecting; that brokerage is always on par value. 
These things are fundamental and until they are firmly. fixed in the 
| mind the learner kaows but little of these subjects. 
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I. A broker buys 17 shares Milwaukee and St. 
Pau! preferred stock; what is his brokerage at $% ¢ 
1. 1 share = $100. 
II. ,2. 17 shares —17 times $100 = $1,700. 
(3. 4% of $1,700 = $4.25. 
III. .*. His brokerage was $4.25. 


I. A broker received $9.50, or brokerage of 4%, 
| for buying Union Pacific stock; how many shares did 
he purchase ? 

a = value of shares bought. 


= brokerage. 
. Aer = brokerage. 
II. 2% = = $9.50. 


4% 4 times $9.50 = $38. 
100% = 100 times $38 — $3,800. 
$3,800 — 100 = 38 = number of shares. 


| EY, Pile bought 38 shares. 


“TIS gab go bo 


R. 3rd, p. 215. 
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I. A broker bought 70 shares of insurance stock 
at 64% premium, and sold them at $% discount; how 
pols did he lose? 


1 share = $100. 

40 shares = 70 times $100 = $7,000. 

1064% of $7,000 = $7,455 = cost. 

994% of $7, 600 = $6, 947.50 — selling price. 
$7,455 — $6, 947.50 = $507.50 = loss. 


III. He lost $507.50. 


ar 
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I. How many shares of bank stock at 4% premium 
can be bought for $8,320? 
Saige — amount of stock I can buy. 
4% = premium. 
104% = price per cent. of what I buy. 
$8,320 = price of what I buy. 
loi y= $8,320. 
1% = zz of $8,320 = $80. 
100% = 100 times $80 = $8,000. 
$8,000 + $100 — 80 = number of shares. 


III. ... He can buy $8, 000 worth, or 80 shares. 


II. 


ESS OUP Ee Se 


I. How much railroad aide at 124 per cent. dis- 
count can I buy for $8,820% ~-—~, 


\ 
100% = amount that can Pe bought. 
124% = disconnt. 
873% = price per cent. of what I buy. 
$8,750 = price of what I buy. : 
S14 = — — 750. 
pes = 100 times $100 — $10, 000. 


(ft AS ] can buy, $10, 000 worth of stocks. 


II. 


TID SUR g9 bo 


Wh. p. 157. 


I. When N. Y. Central is quoted at 953, how much 


stock can I buy for $6,894, brokerage 4 Ber cent.? 


enn 


III. 


gain ? 


— 
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100% = amount I can buy. 

953% = price of stock. 

4% = brokerage. 

958% + 2% = 952% = cost of what I buy. 
$6,894 = cost of what I buy. 

953% = a ie 894. 

100% = a {00 times $72 — a $7, 200. 


ean buy $7,200 worth. 
Wh. p. 157. 


I. A broker bought stock at 4 per cent. discount, 
and, selling the same at 5 per cent. premium, gained 
$450; how many shares did he purchase ? 


100% = amount bought. 
4% = discount on purchase. 
5% = premium on sale. 
9% = gain. 
$450 = gain. 

= $450. 


1% = of $450 = $50. 
100% = 100 times $50 = $5,000. 
$5,000 + $100 = 50 = number of shares. 


ue bought 50 shares. 
Wh. p. 153. 


|| I. A man bought Michigan Central at 120, and 
sold at 124; what per cent. of the investment did he 


124% = selling price. 
- 120% = cost, or investment. 
124% — 120% = = 4% = gain. 
ae 100% of itself. 
1% = hq Of 100% = 135% =O. 
4% —4 times $% = 2 % = 34% = gain. 
Hits galnee 34 per cent. on the investment. - 
Wh. p. 158. 
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I. If I receive an annual dividend of 6 per cent. on 


|| Michigan Central stock which cost me 374, what per || 


cent. of income do I receive on investment? 


374% = cost or investment. 
. 6% = gain. 
IL.< 3. 374% =100% of itself. 
. 1% = sr of 100% = 2.62%. 
6% =6 times 2.62% =16%. 


III. .:. He gained 16 per ceut. 


I. How many shares of stock, bought at 95} and 
sold at 105, brokerage 4 per cent. on each transac- 
tion, will yield a profit of $925? 


( 100% = amount that can be bought. 
954% = cost; +% = brokerage. 
- 954% +1% = 954% = entire cost. 


1049% — 953% = 94% = gain. 

$925 = gain. 

919, —#925. 

1% = th, of $925 — $100. 

. 100% = 100 times $100 = $10,000. 

. $10,000 + 100 = $100 = number of shares. 


Ill. .. 100 number of shares. 


—_ 
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R. 3rd, p. 218. 


BONDS. 


When U.S. 6’s are quoted at 1094, what will thoes 
$500 bonds cost? 


1. $1 bonds = $1.095. 
2. $500 bond = 500 times $1.095 — $547.50. 


Tee ae ee 


105% — 1%=1044%=selling price—dise’t. || 


| what is a $500 bond worth in gold? 


|| income of 8% ? 


| as 106 cents in currency, and 6 cents in gold, or 7% cents currency, as 
{| the gain. Then find what per cent. 4 is of 106 cents, 
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I. When gold is at 115, and U. S. 5’s at $1. 05, 


- $1 bond = $1.05. 

$500 bond = 500 times $1.05 — $525. 

115 cents eurrnny = 100 cents in gold. 

1 cent c’y=;1, of 100 ots. gold=28 cts. gold. 
52500 cts.—=52500 times 24 cts. gold=$456.52. 


eae -, $456. 52 = value required. 


. 


Hf. 
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REMARKS: The Ist and 2nd equations reduce the $500 bond to 
currency. The 3rd, 4th and 5th equations reduce the currency to gold. 


I. A college invested its endowment fund in U. 
S. 6’s at 106; what rate of interest in currency will it 
receive when gold is at 120? 


100% gold = 120% currency. - 
1% gold = 74, of 120% Oy $§% currency. 
6% gold =6 times £% c’y = 73% currency. 
106% currency = cost of bonds. 
75% = gain. 
106% = 100% of itself. 
1% = ze Of 100% = 35%. 
15% = Ty times 33% = 653%. 
Ill. .. The gain was 643% on the investment. 
Wh. p. 205. 


II. 
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REMARKS: The income is 6% of the bonds in gold; by the first 
three equations we find that this 6% in gold is 756 in currency. 1604 
in currency is the amount paid out, and since 74 is the income, the 
gain per cent. on the investment will be whatever per cent. 74 is of 
106%, which is 6 $24. Another way to put this, is to represent the cost 


I. What must be paid for 6% bonds to realize an 
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seh te I must pay, or the investment. 
6% of bonds = income. 
8% of my investment = income. 
so investment = 6% of the bonds. 
1% inves’t=$ of 6% of bonds=?% of bonds. 
100% of inv.—100 tms #+-of bds=75 %of bs. 


Ill. To make 8% I must pay 75%. 


> OTR 09 BO EH 


R. 8rd, p. 218. 


REMARK: It must be kept in mind that I must buy the bonds 
so cheap that the 6% that they yield me will be 8% of what I pay for 
them, 


L. Wied gold is at 115, what is the semi- a 
interest in currency on $9,: 500 in 5’s? 


1. $9,500 = amount of bonds. 

oh. 5% of $9,500—$475—annual int’est in gold. 
Il.< 3. 4of $4°75— #937, 50—semi-annual interest. | 

4, $1 gold = $1.15 currency. 

5. $237.50 goid—237.50 times $1.15—$273.125. 


*, $273.125 = required sum. 
Wh. p. 205. 


I. What can I afford to pay for bonds yielding an 
annual income of 7 %, to invest my money 80 as to | 
realize 6% ? 


( 1. 100% = what I can pay. 

7% of the bonds = income. 

6% of my investment = income. 
6% investment = ay % of bonds. ’ 
1% investment—} of 7% bonds=1% bows 
100% inv’t=100 times $% bonds=1 a Io. 


III. ag can afford to pay 1163. 


FE 
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COMMON FRACTIONS AND PERCENTAGE COMBINED. 
1. Definitions :— 4 


1. Common Fractions embrace all those operations in which the 

{| computation is based on the scale of 1. ; ‘ 

2. Percentage embraces those operations in which the computa- | 

tion is based on the scale of 100. | 
It is the object of this article, to show the close relation existing 

between Common Fractions and Percentage. 


2. Illustrations :— 

I. A and B together have $1,750; A’s is 2 of B’s; 
how much has each? Solve Ist on scale of 1, 2nd 
on scale of 100. 


HHT; icra $1,000 = B’s 
2. Solution on-scale of 100. 


1. Solution on scale of 1. 
tacts == B's, 
2. «2 = A's. 
3. 4=both. 
Te 4, $1,750 — both. 
1 \.o. 2== $1,750. 
6. 4+=+ of $1,750 = $250. 
| 7. 4—$1,000~ B's. | 
8. £—$750— A’s. : 
$750 = A’s. | 
I 


(1. 100% =B’s. 


{ 
2. 75% — A’s. 
3. 175% = both. 
uz * %! y750 = both. 
“) 5. 175% = $1,750. 
6. 1% = 71s of $1,750 = $10. | 
7. 100% == $1,000 = B’s. | 
a8 10% = S150. = K's, 
i oR To Se As, 
Ill. oe $1,000 — B’s. | 


REMARKS: (1) Observe that these solutions differ only in the 
| seale of computation. (2) The scale determines the base—that is if 
the scaie is one, the unit is the base, and if the scale is 100, then 100% is | 


|| the base. 


a 
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J. A pupil solved 8 out of 20 examination ques- 
| tions; what is his grade? First on scale of 100; sec- 
ond on scale of 1; third on scale of 10; fourth on 
scale of 5. 


f FIRST—SCALE ONE HUNDRED. 
20 questions = 100%. 
1 question — 4, of 100% = 5%. 
- 8 questions — 8 times 5% = 40% = grade. 
SECOND—SCALE ONE. 
20 questions = 1. 
1 question = 35. 
8 questions = 8, = ? = grade. 
THIRD—SCALE TEN. 
20 questions = 10. 
1 question = 54 of 10 = 4. : 
8 questions = 4 = grade. 
FOURTH—SCALE FIVE. 
20 questions = 5. 
1 question = 3, of 5 =}. 
8 questions = 8 times } — 2 = grade. 
40% = Grade on seale of 100. 


Tis ? = Grade on scale of 1. 
* +") 4= Grade on scale of 10. 


II. 


GO eS Or Bee No ales cae 


2—= Grade on scale of 5. 


| 
REMARK: (1) Seale of 100: 20 questions answered would give the | 
pupil a grade of 100%; hence the Ist equation 20 questions = 100%. (2) 
Scale of 1: In this, the pupil is entitled to a grade of 1 if he solves 20 
questions; hence the Ist equation 20 questions=1. (8) Scale of 10. and 
scale of 5, the same principles are involved. 


SOLVE FOLLOWING. 


1. The difference of two numbers is 600, and the 
less is 20% more than 60% of the greater; find the 
numbers. it. 

2. The sum of two numbers is 800, and the greater 
is 20% less than 150% of the less; find the numbers 


ee 
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SOLVE FOLLOWING EXAMPLES. 


| 1. A and B together have $900; A’s is 4 of B’s; 
how much have each? Solve on scales 100, 10,5 and 1. | 
2. +5 of my money is greater than 3 of it by $600; 
how much have I? Solve on scales 100, 10 and 1. . 

3. Sold a house for $300 on which I gained + of 
the cost; find the cost. Solve on scales 100, 5 and 1. 

4. Sold a horse for $200 which was 4 more than 
the cost; find cost. Solve on scales 5 and 100. 

5. Sold a horse for $100 which was 2 more than 2 
the cost; did I gain or lose and how much? Solve on 
| scales 1 and 100. : 

6. _A man owns 40% of a factory and sells 10% less 
| than 90% of his share for $500; at this rate, what is 
the value of the factory? Solve on scales 1, 10 and 100. 


SOLVE FOLLOWING ON SCALE I00. 


1. I sell goods at a gain of 10%; if they had cost | 
$300 less, | would have gained 20%; what did the | 
| goods cost? - 

2. What is made on a book bought 10% below 
| list price and sold at 45% above list price? 

3. My gain is 20%; had the cost been $400 more, 
my loss would have been 10%; find cost. 

4, L invest and sell at a loss of 15%; I invest the 
proceeds again and sell at.a gain of 20%; how much 
do I gain in the two transactions? 

5. How much must I invest in U. S. 5-20’s at 108, 
so that my annual income in currency shall be $1,200 

a year, if gold is worth 120? 
|| 6. Bought U.S. 6’s at 120, and twice as many U. 
S. 5’s at 115. My annual income on all was $3,000 a 
year in currency; if gold is worth 110, what amount 
|| did I pay for both kinds of bonds? 
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INTEREST. 


How ro CaLcuLatTE INTEREST BY 36% MetTHop. 


RULE: Take 3 times as many cents as months, plus as many mills 
as days; multiply this by the number of dollars in the principal. 
This gives gives the interest at 364. 


REMARK: If you want the interest at 94, find interest at 36% and 
divide by 4; if at 12¢, divide by 3; if at 6¢ divide by 6; if at 8 take 2-9 of | 
interest at 36%. The advantage in this rule is the fact that the per cent 
can never bring you a fraction to work with. 


In the 6% method we always have a bad fraction in any number of 
days not divisible by 6, and in the 12 method always a fraction to 
work with in every number of days not divisible by 3. In the 36% 
method no fractions, because we take exactly as many mills as days. 


How to Make THE RULE. 


86% of $1 for 1 year is 36c.; that is, a dollar brings 36c. a year, or Se. 
a month, or one mill a day. Hence take 8c. for each month and one | 
mill for each day. If the time is years, months and days, take 36c. 
for each year, 3c. for each month and one mill for each day. This 
gives the interest on $1. On $500, 500 times this sum. 


EXAMPLE. 


Find interest on $500 for 1 year, 11 months and 
23 days at 9%. 


$ .36 for 1 year. 
.383 for 11 months. 
.023 for 23 days. 


% .713 for whole time. 
500 


4) $356.500 interest at 36%. 


$ 89.125 interest at 9%. Ans. 


a 7 
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Under the subject of interest we discuss but four eases. Authors 
usually give a special rule for each of these cases, and on account of 
their being so much alike pupils are apt to get confused when study- 
ing the four cases together. 


It is the aim here to present these cases together in such a way as 
to enable the student to get the processes arranged in the mind so as 
not to be liable to forget. 


But one single suggestion need be stated in the way of a rule, and 
that is as follows: Assume a unit of what is required, and then find the 
interest on the given or assumed principal, fur the given or assumed time at 
the given or assumed rate, and compare that interest with the given interest. 


| Below we give a diagram of the four cases, and it will be observed 

that in each case the interest is always given, except in the 4th case, 
where the amount is given. In that case the amount will be found and 
| compared with the given amount. 


Principal, 
CASE I.—Given ; Rate, required Time. 
Interest, 
Assume 1 year for Time. 
Principal, 
CASE II.—Given ; Time, required Rate per cent. 
Interest, 
Assume 14 for Rate. 
Time, 
CASE III.—Given ; Per Gent... required Principal. 
Interest, 
: Assume $1 for Principal. 
Time, 
CASE 1V.—Given 1 Per Cent. : required Principal. 
Amount, 


Assume $1 for Principal. 
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EXAMPLES.—CASE I. 


Principal $30, 
I. Given< Rate 6%, required time. 
Amount $18. 
1. Assume 1 year for time. 
II. <2. 6% of $30 for 1 year = $1.80. 
3. $18 + $1.80 = 10 = number of years. 
III. .. 10 years = required time. 


EXPLANATION: Weassume Lyear and find, that for that time 
the interest would be $1.80. If the given principal at the given rate 
for l year will give $1.80 interest, then to yield $18 would require as 
many years as $1.80 are contained times in $18. 


CASE II. 


Principal $60, 
I. Given< Time 3 years, >required rate per cent. 
Interest $3. 
(1. Assume 1%. 
II. 42. 1% of $60 for 3 years = $1.80. 
3. $3+$1.80=—13—the number of per cent. 
III. .. 13% = required rate. 
EXPLANATION: 14 of the given principal for the given time 


gives $1.80, but to yield $3 would require as many per cent. as $1.80 are 
contained times in $3. 


CASE III. 


Time 3 years, 
I. Given< Rate 4%, required principal, 
Interest $4. 
1. Assume $1 for principal. 
II. (2. 4% of $1 for 3 years = $.12. 
3. $4 $.12 — 334 = number of dollars. 
II. .*. $334 = required principal. 
EXPLANATION: $1 principal for the given time at the given 


rate yields $.12 interest. Hence to yield $4 interest will require as 
many dollars as $.12 are contained times in $4. 


4 
5 
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CASE IV. 
Time 5 years, 
I. Given< Rate 6%. required principal. 
Amount $260 J 
~ 3 Assume $1 for principal. 


2. Amount of $1 for 5 years at 6% = $1.30. 
3. $260 + $1.30 = 200 = number of dollars. 


IIL. .. $200 = required principal. 


REMARK: These four solutions are grouped under one plan, and 


| but one thing need be remembered, and that is to assume a unit of 


what is required for a starting point. 


SPECIAL EXAMPLES IN PERCENTAGE. 
The following problems are arranged and solved mainly for the 


|| purpose of giving the learner a drill that will fasten the idea of per- 


centage upon his mind. Percentage means so many one hundredths. 
(4% = what? 
($% = x55 = 1h0- 
2. 2 — what? 
$* = 50 = 150 Xt = 1h 0- 
3 


S tea a x age — 2g — 08, 
ih sg 


J 


“" (.5% = what? 
5%o = 5 = rhs0 = the 


*$% = what! 
‘ th Uhh = ty X = 1h = sto the 
o 


6. 


| 034% = what? 


034% == X rhs h=ah0 b=r0h00- 


00 


ARITHMETICAL SOLUTIONS. 


BANK DISCOUNT, 


1, DEFINITION: Bank discount is the simple interes» on the 
amount due on note at settlement, from the day of discount till day of 
settlement. 


“REMARKS: (1) Bank discount is often defined as simple interest 
on face of note, which is not true if the note is bearing interest. 


(2). In studying this subject keepin mind that bank discount is 
simple interest, and that to get simple interest we must have’ a princi- 
pal, time and rate. 


To illustrate take the following example: . 


A note of $3,000 is dated July 10, 1886, and is to 


run one year at 6%. It is sold at bank May i, 168%; 


at a diseount of 9%. Find proceeds. 


Now as bank discount is simple interest on something, we must 
know what to calculate that interest on; thatsum will bethe principal 
the banker gets interest on. In this example it will not be the princi-— 
|; pal or face of the note, but will be the amount of the note when due. 


(2). We must have time in getting simple interest, and the time in 
this example will be the exact number of days from the day he bought 
the note till it was due. 


(3). In getting interest we must have rate, and the rate is 94. The 
order of solution then is: (1). The banker’s principal. (2). His time. 
(3). His rate. Then there is no trouble in securing the discount. 


SOLUTION OF THE EXAMPLE :— 


(1). Find amount due at settlement. 


Amount of $3,000 for 1 year and 3 days at 6% is 
$3,181.50. 


This is the banker’s PRINCIPAL. 


(2). Find time of discount. The note will be due 


July 18, 1887. It is sold May 1, and the number of | 


days from May 1 to July 18 is "3 days. 
This is the banker’s tmx. 
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(3). His rate is 9%. The example is now one of 
simple interest and is this: Find interest on $3,- 
181.50 for 73 days at 9%. The interest or bank dis- 
|| count is $58.06, au $3,181.50 — $58.06 = $3,123.44— 
|| proceeds. 


A note of $6, 000 is dated May 20, 1884, dues in two 
years, and bears interest at 9%; it was sold at bank |} 
| Feb. 5, 1886, at a discount of ae: ; what were the 
proceeds? 


(2). Find the banker’s ares 
(3). His rate is 124. 


Then find simple interest and subtract from his principal. 


-(1). Find the banker’s Pitastpal: ; 


|} (1). The amount of $6,000 for 2 years and. 3 days 
at 9% = $7,084.50. 


This is banker’s principal. 


(2). Note was due May 23, 1886, and sold Feb. 5, 
1286, from Feb. 5 to May 23 is 107 days.. 


This is the banker’s TIME. . 


(3). ‘ His rate was 12%. 


Interest on $7,084.50 for 107 days at 12% is $252.68. 
$7,084.50 — $252.68 = $6,831.82. 


REMARE: Ifthe note does not bear interest its face will be the 
banker’s principal, for it will be the amount due at settlement, 


BANKERS’ EXCHANGE. 


I owe John Smith, of Hamilton, O., $500. I have the money and 
|| want to send it to him. I may send it in a letter; that is dangerous. 
I could earry it to him; that is inconvenient and risky too. I could 
send by registered letter, or postoffice order. Another, and the better 
| way, is by a bank draft. Igo to my bankers, Kinney & Co., of Angola, || 
Ind., and buy such a draft, fold it in a letter and mail it to John 
Smith. In a few days I get a receipt from him in full, and so far as I 


am concerned the obligation is discharged. 
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NATURE OF THIS DRAFT. 


This draft is only a piece of paper, but because of what is written 
upon it, it has much power. The draft isan ORDER TO PAY. Kinney 
& Co. order, say the 10th National Bank of New York, to pay to my- 
self, or John Smith, $5(0. 


What. authority have Kinney & Co. to ORDER the 10th National 
Bank of New York to pay me $500? Can they order any bank to pay? 
They CAN, BUT their order will not be RESPECTED, only upon the 
condition that they have money deposited in the bank drawnon. As 
an individual I can draw on any bank, but no bank will honor my 
order unjess I have money there on deposit. Banks all over the land 
have money deposited in some great MONEY eenter like New York, or 
San Francisco, and it is this money they draw out by issuing drafts. 
This money is asually sent by express. 


- Let us follow this draft whicen I sent to John Smith, of Hamilton, 
QO. When Smith receives this draft, let us say he takes it to the bank 
with which he deals, and passes it in for the money. 


The steps in business are as follows: 

(1). The banker at Hamilton must be certain that the-person pre- 
senting the draft is really John Smith. If Smith is not known by the 
cashier, and the person presenting the draft claims to be that person, 
then the eashier requires him to identify himself, by bringing some 
responsible person who will say that he is the veritable John Smith, 
He may have signed Smith’s name upon the draft, yet a forger could 
do that, and be must be identified. When the party is identified and 
the draft indorsed (signed by Smith) then the banker takes in the 
draft, and gives Smith or bearer the money. 


Smith now drops out; the Hamilton banker now is out: of $500 |! 
money and has the draft. 


(2). What will this banker do to get his money? This draft, 
along with others he may have recently taken in he places in a letter 
and mails them, we will say to the Ist National Bank of New York, 
with which he does business (where he has money deposited), and at 
the same time charges this bank with $500. 


The Hamilton banker now drops out, and the draft is now in the 
Ist National Bank of New York, and that bank has credited the Ham- 


{lton bank. The lst National Bank does not turn this draft over to |} is 


the 10th National, but turns it-over the Clearing House. This House 
will turn it over tothe 10th National the next day, and inside of six |} 
months the 10th National will return it to Kinney & Co., of Angola, || 
Indiana. 


— 


i) aes 


AT eee 


en 


ARITHMETICAL SOLUTIONS. 53 


TIME PROBLEMS, 


—— 


These problems are taken from the relations of the rates of the 
movement of the hour and minute hands of a clock,. 


There are three sets of problems that we diseuss in the three fol- 
lowing cases: First, those in which the distance to be gained by the | 


minute hand is given. Second, those in which the sam of the distance 
run by both hands is given, Third, those in which we know the uis- 


| tance between minute and hour hand when they start, (which isknown 
in the above), and are required to find how far the minute hand must. 
move to be a given part of the distance from 12 to the hour hand. } 


GENERAL REMARKS: 1. The minute hand always starts at 


12; the starting point of the hour hand may be determined by noting 
what is the time of day required; for example, if it is to be between 


8 and 4, the hour hand must start at 3; if 7 and 8, it will start at 7, and || 


so on, 


2. In solving any problem under any of the following cases, first |, 
locate the hands as stated in the above remark, and then ask yourself | 


how far the minute hand must move to meet the conditions of the prob- 


lem, if the hour hand should remain stationary. 


8. Keep in mind that the minute hand travels 12 times as fast as | 


the hour hand. 
CASE I. 


| Atwhattime between 4 and 5 will the hour and 
minute hands of a watch be together? 


REMARKE: Locate the minute 
hand at 12 and the hour hand at 4. 
The minute hand is 20 minutes behind 
and will have to gain 2 minutes be- 
fore it overtakes the hour hand. 
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SOLUTION. 


I. Statement of the question. 
1. Let 3= distance the hour hand moves. 
2, %— distance the minute hand moves. 
3. %¢—2=— 22 = dist. gained by minute hand. 
IL< 4. 20 minutes == — dist. gained by minute hand 
5 22) = 
6 
7 


22 —= 20 minutes. 
. $=, of 20 Sots == 19 minutes. 
. %4—24 times 12 minutes = 21,4 minutes. 


Ti 21%, minutes ak 2 == time pened 


At what time between 8 and 9 will the hour and 
minute hand of a clock be opposite each other? 


REMARK: Locate the minute hand at 12 and the hour hand at 
{ 8. When located in this way the minute hand lacks just 10 minutes of 
being opposite the hour hand, Hence it must gain 10 minutes, 


SOLUTION. 


I. Statement of the question. 


1. Let = distance moved by hour hand. 
. 4% == distance moved by minute hand. 
74 — {—?? —dist. gained by minute hand. 
10 minutes = dist. gained by minute hand. 
apie Jf minutes. 
. +=, 0f 10 TRIBUESR 7 Minutes. 

7424 times ~ min.—=12min.—1012 min. 
Tiles 1018 minutes past 8 = time required. 

The problems in this case may be solved by the following 


FORMULA: 


Distance moved by minute hand = =i? of the distance to be gained 
by minute hand, 


SOLUTION OF THE FORMULA. 


1, 12=distance moved by minute hand. * 
2. 1=distance moved by hour hand. 
3. 


ii aaenve gained by minute hand. . 
4, 12—12o0f11. Hence the distance moved by minute hand=1 2 
ies the distance gained by the minute hand. i BE, 
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CASE II. 


At what time between 5 and 6 o’clock is the min- 
| ute hand the same distance from 8 as the hour hand 
is from 3? 


PRELIMINARY REMARKS: When the hour hand is at 5, the 
minute hand is at 12. When situated this way, the hour hand is 10 
minutes from 3. Now if the hour hand remains stationary the minute 
hand must move 30 minutes to be within 10 minutes of 8. The hour 
hand does not remain stationary, but moves, and moves farther from 
3; hence the minute hand must stop short of 30 minutes just the same 
distance that the hour hand moves farther from 3. For example, 
should the hour hand move one minute it would then be 11 minutes 
from 3, and the minute hand must stop within 11 minutes of 8, so that 
it would have to travel but 29 minutes instead of 30. Thus we see that 
30 minutes is the distance moved by both. 


SOLUTION. 


I. Statement of the question. 


1. 2%=distance moved by the hour hand. 
2. 44 = distance moved by the minute hand. 
3. %§ =distance moved by both. 

IL< 4. 30 minutes = distance moved by both. 
5. %§ = 380 minutes. 
6. 4,5 of 30 minutes=$} minutes={§ min. 
7. %$——94 times 1§ min —*5! min.—27,; min. 


III. .. 27,2; minutes past 5 = time. 


We let 2 = distance moved by hour hand, then 2,4 — distance 
moved by minute hand, because the minute hand always travels 12 
| times as fast as the hour hand. The (7) gives 2795 minutes as the dis- 
tance moved by the minute hand, which is the required number of 
-|} minutes past 5 o’clock. 


At what time between 4 and 5 will the minute hand 
be as far from 12 on the left side of the dial plate, as 
|| the hour hand is from 12 on the right side? 
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NOTE: When the hour hand is at 4, it is 20 minutes from 12. If 
it stood still, the minute hand would have to move round 40 minutes 
to 8 in order to be 20 minutes from 12. But the hour hand meves, and 
the distance it moves from 4, the minute hand must stop short of 8. 


Heneethe minute hand wil not move over 40 minutes, but the dis- 
Stance moved by both will be 40 minutes. 


SOLUTION, 


I. Statement of the question. 


‘ Let 3 2 = distance moved by hour hand. 
= distance moved by minute hand. 
4 + 3= 38 = distance moved by both. 
40 minutes ; = distance moved by both. 
48 — 40 minutes. 
$= +, of 40 Sere = 7} minutes. 
44 == 24 times 2% min. = 48° min.— 3632. 


ML -. 3612 minutes past ve time. 


METHOD BY FORMULA. 


The last example may be solved by taking 4 45 of 40 minutes. The 
-one immediately preceding this, solved by taking 14 of 30 minutes, 
This formula might be stated as follows: Distance moved by minute 
hsnd— a of distance it would have to move did the hour hand re- 


maim stationary; or distance moved by minute hand= 4h of the dis- 
tance moved by both hands. 


SOLUTION OF THE FORMULA. 


T2 minutes = distance meved by minute hand, 
1 minute =distance moved by hour hand. 
12 +1 minute = 13 minutes= distance moved by both. 


12 is } 3 of 13, or the distance moved by the minute hand is 12 of | 
the distance moved by both. But, as has already been demonstrated || 
in the preceeding examples, the distance moved by both is the same |] 


as the distance the minute hand would move if the hour hand did not 
move. 


; 
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CASE Iit. 


At what time between 3 and 4 will the minute 
hand be } of the distance from 12 to the hour hand ? 


REMARK: When the hour hand is at 3, minute hand is at 12. 
Now if the hour hand would not move, the minute hand would move: 
just 4 of 15 minutes, or 5 minutes, in order to be4of the distance fromz 
12 to the hour hand; but the hour hand moves. 


SOLUTION. 


I. Statement of the question. 


1. Let distance moved by hour hand. 
2. 15 minutes+é—dist. from 12 to hour hand. 
3. 4of (15m.+$)—5m.+2—dis. m. hd. moves. 
4, %2—distance minute hand moves. 
5. ae = 5 minutes + 2. 
(5.) —%=(6.) Y=5 minutes. 
7. 4t=7,of 5 minutes = qz Minute. 
= 72 times 4, minute = 54 minutes, 


8 eee ee Reais past 3 = time required. 


REMARE: 1. Notice that the 4 equals the distance moved by. 
the hour hand; and hence all 6ths that follow are so many parts of: 
that distance. 

2. The 6th equation is gottenon ancl pie that the same quant- 


| ity can be taken from both members of an equation and affect it only. 


in form. 


FORMULA. 


Tf the minute hand is ie stop 4 the ae from 12 to hour hand, 
} take 472, of 5; "4; take 121, of 5; if 2, take +41, of 5; if 8, take 351/ 
|| of 5; if 4, take 1 Tx of 5, pi Remember that the 5 is a of the dis- 
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RATIO AND PROPORTION. 
Ratio means relation. The ratio of 2 to 4 is 34, because 2 is as of 4; 
the ratio of 3 to 9 is 14, because 3 is 4 of 8. 
Two ratios eee are equal make a preportion. Thus: 


peat scat Pree aa 


Maa ta le 1. Phe antecedent and consequent of a ratio | 


must be of the same denomination, because quantities of different de- 
nominations are not related. 

2. Ifin the first couplet the antecedent is greater than the con- 
sequent, then in the second couplet the antecedent must be greater 
than the consequent. Also, if in the first couplet the antecedent is 
less than the consequent, so must the antecedent of the second couplet 
be less than tne consequent of that couplet. This is deduced from the 
definition of a proportion. 

8. ..From the second principle we deduce a third, viz: that when a 
proportion is written according to the above principles it will Rene, as 
follows: 


greater : less: : greater : less, or 
less : greater: : less: greater. 


4, Three terms of a proportion must be given to find a fourth, 
5. The unknown term may be thg Ist, 2nd, 8rd, or 4th. 


EXAMPLES. 
If 4 pounds of butter cost 20c. what will 6 pounds 
cost ? 


EXPLANATION: 1. A relation exists between 4 pounds and 6 


pounds. Also a relation exists between 20¢e. and the number of cents 
in the answer; hence 4 pounds and 6 pounds will form one couplet or 
ratio, and 20c, and the answer the other ratio. Let the answer be 
placed, say for the first term, then 20c. will be the 2nd term. because 
the Ist term and 2nd term make a ratio and must be of one kind. 
| Now the first ratio of the proportion is as follows: xe. :20c. From the 
| nature of the question, the antecedent of this ratio is greater than the 
consequent, hence the same must be true of the second ratio. There- 
fore the proportion will be xe. :20¢.: :6:4. 

2. Now let the 20c. be placed in the Ist term; then the answer 


will oceupy the place of 2nd term, 20c. :xe. In this ratio the antece- | 


dent is less than consequent. Hence the antecedent in the second ‘ra- 
tio must be less than the consequent, and we have 2c. xe. 224:6 
From this it will appear, that what is usually placed for the 3rd term 
may be placed for any term. 


If I walk 600 miles in 10 days, how far will I walk 
in 12 days? 


gtiuste 


Pr. 


oer ek - * eee” and Pe 


; 
: 
| 


tite ee 


oi 7 le ae 


. ARITHMETICAL SOLUTIONS. 59 
a a 
Miles are required—place 600 miles for the 4th term, then x miles 
|| will be the 8rd, and the ratio is, x ms.: 600 ms. In this ratio the ante- 
cedent is greater than the consequent, which is seen from the nature 
| of the question. Hencein the other couplet the antecedent will be 
greater than the consequent, and the proportion will be 12:10: :x 
ms.: 600 ms., or greater is to less as greater is to less. Hence 10 x ms, 
=720 ms, -X Ms.= 720 ms.= Ans, 


EXAMPLES. 


We give below, a list of examples for examination, and solve 
them on the following pages, for a model. We are sure that Exam- 
iners will thank us for the pages devoted to this part of the work. We 
| think that teachers are frequently inclined to charge their failures to 

the Examiners when the fault is largely their own. If a teacher 
knows how to solve an example properly, it will pay him to arrange 
his work in a concise and logical manner, Many teachers have ideas 
with regard to the solution of problems, but they lack the power to 
present them in an intelligent manner. 


1. A and B have $340; 3 of A’s money equals $ 
of B’s; how much have each? 


2. A man engaging in trade lost 2 of his money 
invested, after which he gained $740, and then had 
$3,500; how much did he lose? 


| 3. <A person being asked the time of day said that 
2 of the time past noon equaled # of the time to mid- 
night; find the time of day. 


4. A man drew 40% of his bank deposits, and ex- 
pended 134% of the money thus drawn in the pur- 
chase of a carriage worth $116; how much money 
had he in bank? 


| 5. How must I mark goods that cost $4 a yard, co 
|| that I may deduct 20% from the marked price, and 
ll make 10% ? 


sti 


60 ARITHMETICAL SOLUTIONS. 


EXAMINATION IN ARITHMETIC. 


PROBLEM I. 


-I. Statement of the question. 
( 1. 3 A’s money = $ B’s money. 


2. i A’s = 4 of $ Bs = 2 B's. 
3. 5 A’s—5 times 2 B’s= ¥f B's. 
4, 1=B’s money. 
5. 42 =A’s money. 
I< 6 ¢+12 =1+/ =amount both have. 

7. $340 = amount both have. 
8. 17 — $340. 
ae ees of $340 = $20. 

10. = 7 times $20 — $140. 

We, i ° —10 times $20 = $200. 

AAG See A’s money = $200. 


B’s money = $140. 
PROBLEM II. 


I. Statement of the question. 


= his money at the start. 
2 = part lost. 
3—2— $= part left. 
$740 = amount gained afterward. 
8+$740 =am’t he had after gaining $740. 
$3,500—amount he had after gaining $740. 
8 +. $740 = $3,500. 
oe ee = $2,760. 

9. $= 4 of $2 7160 = $920. 
10. i —5 times $920 = $4,600 = his money. 
11. 2 of $4,600 = $1,840 — amount. lost. 


ILls. He lost $1,840. 


II. 
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PROBLEM III. 
I. Statement of the question. 
g time past noon = 3 time to midnight. 
4 t. past n.—=+4 of 3 t. to m= # t. to m. 
3 t. past n.—3 times § t. to m= 2 t. to m. 
£=time to midnight. 
= i hours. 
SP 7, of 12 hours = 4? hours. 
10. %=9 times +? hours=193 hours=6,%, hours. 
| III _ The. time is 6f o’clock p. m. 
PROBLEM IV. 
I. Statement of the question. 
1% =1y of $116 = $21.75. 
100% = 100 times $21.75 = $2,175. 
. He had $2,175 deposited in bank. j 
PROBLEM V. 
Statement of the question. 
. $4—cost. 


5 Seengop ee 


$= time past noon. 
& — 147 — time from noon to midnight. 
(1. 100% =amount of money deposited. 
40% = amount drawn out. 


9 
OL 
12 hours — time from noon to midnight. 
eh 
2 
3. 134% of 40% =54% =amount spent=$116. 
4, 54% = oLIG- 
5. 
. 


10% = profit. 
110% of $4 = $4.40 = selling price. 


1 
2 
3 
1. 100% =marked price. 

2. 20% = deduction. 

3. 100% — 20% = 80% = selling price. 
4. $4.40 = selling price. 

5 8070 = = $4. 40. 

ae 


| 100% =100 times 5 $0. Cees = = G5, 50. 
Ill. .. It must be marked at $5. 50. 
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MENSURATION. 


DIAGRAM OF PLANE SURFACES, 
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The student will observe that the preceeding classification depends 
on definition; for instance if we should define a square as a quadrila* 
teral, then the square should be classified immediately under the quad- 
rilateral. We ought to say that a square is a rectangle, and for that 
reason it is classified under rectangle. Trapezoid is classed under 
quadrilateral, and should be called such in the definition. Rhombus 
is classed under rhomboid, and hence should be ealled such in defini- 
tion. The old way of defining all surfaces as a plane figure is too 
general. 


DEFINITIONS. 


1, Plane surface is a surface such that if any two points of it be 
connected by a straight line, that line will lie wholly within the sur- 
face. 

a A plane polygon is a portion of plane surface bounded by 
any number of straight lines. ‘ 

3. A circle is a portion of plane surface bounded by a curved sur- 
face, every point of which is equally distant from a point within 
called the center. 

4. A triangle is a plane polygon with three sides, 

5. A quadrilateral is a plane polygon with four sides. 

6. A trapezium is a quadrilateral with no two sides parallel. 

7. A trapezoid is a quadrilateral with two sides only parallel. 

8 A parallelogram is a quadrilateral with its opposite sides 
parallel. 

9. A rectangle is a right parallelogram. 

10. A rhomboid is an oblique parallelogram. 
ll. A square is an equilateral rectangle, 
12, A rhombus is an equilateral rhomboid. 


REMARK: The noun that isin the predicate with the verb and 
its subject is the premise of the definition, and that noun must always 
express the class to which the thing defined must belong. 


SOLUTION OF EXAMPLES UNDER SURFACES, 


REMARK: It is not the purpose here to repeat the rules for the 
solution of all these surfaces but rather to present a compact method 
of reviews and to show the relation many of the surfaces hold to each 
other. Let the one who would follow these solutions be sure that he knows 


all the rules before he begins this. 


REMARK TO TEACHERS: The following development, if cai- 
ried out with originality in your class, after they have the rules weil 
in hand, will put mose life into your class, and help to fix the rules 
and relations in their minds in a way that will surprise you if you 


follow it out faithfully. 
ee 
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THE TRIANGLE. 


Rule for finding area: 


Base X by 4 altitude = area. 


To use this rule, or formula, the student must know the mean- 
ing of all the terms mentioned. If he is not certain that he knows 
what the base and altitude are, then he is uncertain about his result. 

But you say I know what the base is and I am never in doubt about 
the altitude. Take this example: . 


BC is 30 and B Dis 20. 
aq Find area. 
tal Solution :-— 
30 X 10 = 3800= area. 


I have given similar examples to hundreds of teachers, and in the. \ 


majority of cases, the above solution is given. It is wrong, and the 


pupil is misled by not knowing the meaning of the terms base and 
altitude. 


— 1.) Can Bu be regarded as the base? Yes, but if itis the base, then 
BD is not the altitude, 


(2.) Can BD be regarded the altitude? Yes, but if it 1s, then B Cis 
not the base, but AC is the base. 


(3.) Any side may be taken as the hase, and the perpendicular 
from the opposite angle to this side or the side extended, must be the 
altitude. For instance if I take AC as the base, then BD is the alti- 
tude. If I take BC as the base, then a perpendicular from A to BC 
will be the altitude. This problem cannot be soly-d, because I have 
not the base and altitude of the triangle. If I say 30 is the base then 
I have no altitude. If I say 20 is the altitude then 1 have no base. 


EXAMPLES. 


(1.) BC is 40 and a perpendicular from © t 
is 30; find area. This cannot he solved.. ae 


(2.) BO is 60 and a perpendicular from A to BO | 


is 30; find area. 


Base X by 4 altitude = area. 
Or 60 X 15 = 900 = answer. 
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(3.) Area of the triangle ABC is 900; B C is 60; 
find altitude. 


Base X 4 altitude = area, or 


60 X 4 altitude — 900, or 
+ altitude = 900-+-60=—=15. Hence 
Altitude = 30. . 
| (4.) Area of ABC is 1,200, and perpendicular 
from C to A B is 30; find AB. 
Base X 4 altitude = area, or 
Base X 4 of 30, or 151,200. Hence 
Base = 1,200 +15 = 80, 
(5.) Area of A BO is 600 and BC is 30, find per- 
pendicular distance from B to AO. It cannot be 
done. 


REMARK TO TEACHER: Inthe formula baseXby 4 altitude= 

|| area are three things; teach the pupils that if any two of them are 

| known the other can be found. Put pupils at black-board and make 

examples for them and let them apply this formula. You will be 
surprised at their success. 


THE PARALELLOGRAM, 


Rule for finding area. Base <X altitude=arear Here too we must 
know the meaning of base and altitude. The base is not nocessarily 
the side toward the ground. Look at this figure: 


Here the student would be 
in danger of getting 1,200 for 
the area. 


This parallellogram cannot be solved, because I have not the base 
and altitude. I may call 40 the base, but in that event, I have no alti- 
tude. I may call 30 the altitude, but in that-event I have no base. If 
I call B C the base then E F is the altitude. If I call A B the base 
| then’a perpendicular between A Band D C would be the altitude as 


|} the line AG. 


fs 
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EXAMPLES. 


(1.) BO is 60, and E F is 20; find area: 
B X altitude = area, or 60 X 201,200. 


(2.) A Bis 40 and AG is 50; find area: 
B X altitude = area, or 40 X 60 = 2,400 = ans. 


(3.) A Bis 40, BC is 50, D O is 40 and A D 503} 
find Area. 


This cannot be solved. We have bases, but no altitude. It is evi- 
dent thatthis figure may have this same boundary but have at the 
same time various areas. If we make it more right, that is nearer a 
rectangle it will have same boundary, but more area; if we make it 
more oblique it still may have same boundary, but a less area, and the 
area may grow less and less, until the opposite sides lie together and 
there is no surface whatever. ‘ 


RECTANGLES. 


RULE: Asarectangle is a paralellogram the rule foreach is the 
same. 


EXAMPLES. 


A rectangular field contains 70 acres, and its 
breadth is to its length as 4 to 7; find length and | 
breadth. 


SOLUTION. 


Let us draw a rectangle whose breadth is to its 
length as 4 to 7. Here it is: 


This figure is 7 parts long 
and 4 parts wide. If we 
pass from A to the right | 

sand count four parts, and 
letter it A B E F, this figure | 
will be a squarE, and will 


ARITHMETICAL SOLUTIONS. 


contain + of the whole area, or 4 of oe acres which is 
40 acres. 

40 acres = 6,400 square rods. 

/6,400 = 80 rods = AB. If AB is 80 rods, then 
AD is 170 rods. 


a re 


REMARK: The ratio of the breadth to length in this example 
was 4to 7, and the square A B E F was + of the whole field, This 
principle enables us to shorten such examples as this as follows: If | 
a rectangle contains 81 square rods, and breadth is to length as 4 to 9— 
then if we take : of 81=—36, this 36 will be the square, and its reot 6 
will be the width, and i of 6=1344 is the length. Again, if a rectangle 
sem breadth is to length as 3 to 11 has an area of 297, then the square 
is 3 of 2,97 square rods—81 square rods and the square root of 81=9 


i 
rods the breadth, and the length is 4! of 9=33 rods the length. 
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THE RIGHT TRIANGLE. 


See, bh? =p? + b?, or if p 
and b are equal h? = 
h? = 2 p? or 2 b?. 


1st. Law. 


THE SQUARE. 


AB is the diagonal of the 
square, or the hypothenuse of 
the right triangle A BC. 


-* 


In this case AB? = 2 BC? or 
2 Aas 


PRINCIPLE A.—This formulates the principle that the square of the 
diagonal of a square, is equal to twice the square of one side, or twice 
the square itsclf. 

| ———————————————— 


PRINCIPLE B.—It will be seen by Fig. 6 that the square of half a 


line is equal to 14 the square of the ate line. Also from Fig. 7 that 


the square of 14 @ line is equal to Te the square of the whole line, 


Further, it should be kept constantly in the mind that the square of iy 
3% of a nae is $ the square of the whole line and that of 34 of a line is | 


equal to vs the square of the whole line, ete. This, for convenience, 
we call Principle B. Let us try some smail examples by Principle A 
and Principle B. 

EXAMPLE. 


(1.) If the square A D BC has 40 acres in eats 
find the line A B. Use Fig. 5. 


AB? = 80 acres, or 12,800 sq. rods, Prin. A. | 


AB = ./12,800 = 113+ rods. 


(2.) Again, if the square, Fig. 8, contain 40 
acres, find the distance from A to a point 4 the dis- 
tance from C to B as E. 


SOLUTION. © 


The line A E belongs to a right 
triangle, and if we could know the 


take square root. 


squares of the other sides A C and || 
E O we would add these together and 


mit) 


F 


oF Ah ee 
Th a 
i all oe ah 


pigs 


’ 


a y= 
eerste i 


|| Prin. (A). 
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AG? = 40 acres or 6,400 square rods. 
EC2 = +; of 6,400 = 400 square rods. Prin. B. 
Hence Ax? = 6,800 and A E=,/6,800.—= 82+. 


(3.) If the square, Fig. 8, contains 6,400 square 
rods, find distance from E to D. 


SOLUTION: If we should draw a line from E to D we should 
have aright triangle. Hence let us get this square of B E and square 


DB* = 6,400. 

BE? = 4%, of 6,400 = 3,600. Prin. B. 
Hence, ED? = 10,000. 

ED = Ree 100 —anawer. 


(4.) If the square, Fig. 8, contains 4,800 find a 
line from E to a point one-fourth distance above B 


\as F. 


SOLUTION: We would have another right triangle. 


BE? — 5% of 4,200 = 2,700. 
B F? = +, of 4,800 = 300. 
Hence EF? = 3,000. 


EF = ./3,000 = BA. 


(5.) The diagonal of the square, Fig. 8, is 80; 
find a line from F to middle point of AE. 


SOLUTION: Let learner draw figure on paper as now directed: 
Put P at the middle point of A E; also put Q at middle of D B, then 
draw line from P to Q; also aline from PtoF. We now havea right 


triangle P Q F. 
QF is 4 of DB and FQ is # of DB+4of DB 


= of D B. 


Now 802 = 6,400; 4 of 6,400 = 3,200 = DB? by 
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PQ? = 42 of 3,200 = 2,450 by Prin. (B). 
QF? = Js of 3,200 = 200. Ct ee 
Hence Fr? = 2,650. 
P= sq = 51. 


(6.) The diagonal of the square, in Fig. 8, is 80, 
find distance from the point C to a point on E A 4 
distance from E. 

SOLUTION: Place O at the point named and draw line from C 


to O. Then let a perpendicular fall from O to line EC, mark the point 
R. Weshall now have the right triangle O RC. 


ORistof BC. 
Bie tee 


Now 80?=6,400; 4 of 6,400=3 200 5G? = == 
Prin. (A). 

One = ts of 3,200 200. Prin. B. 

RG? = 32, of 3 ,200= 182.5. Prin. B. 

OG? = 332.5. 

OC= /3325 = 18, 


(7.) Find in the above example the distance |} 
from O to the center of the square. 
CONSTRUCTION: Let F be the center. Draw a horizontal line | 
through the center of the square, and draw a perpendicular from O to || 


this line and mark the place of intersection by X. We now have a 
right triangle O X F, 


OXist BO. FXistof BC. 80?=6,400;- 
/ of 6,400= 3,200. Prin. A. 
Ox? = 7, of 3,200=— 200. Prin. B. 
ie of 8,200== 200. Prin. B: 
¥O?= 400. Hence FO=20. Ans. 


: ARITHMETICAL SOLUTIONS. _ 
The diAmeter of the circle is same as the 
Side of the square. 


RULE FOR CIRCLE. 

Diameter? X .7854 = area of 
circle, or what is substantially 
the same, diameter? x ¢ = area 
of cirele in the square. 

Diameter?=area of the square. 

From this we see that A cIRCLE 
IS 3 OF THE SQUARE ABOUTIT. Call | 


1 AB* = twice the square by 
(Prin. A). 

Hence 4 AB? = the square. 

f <AB* X 4=—area of circle by 
rule (.7854= 4). 

Hence if the square is 4 AB? 
and the circle is ¢ AB*, then the 
square and circle are related as| 
4and 4. Now tis 3 of 4. 

Hence A SQUARE IS 2 OF A CIRCLE 

aBouT it. Call this (Pri. D). 


EXAMPLES. 


‘(1.) The corner (Fig. 9) A BC contains 4 acres; 
find the area of the circle, also of the square. 


SOLUTION: The four corners contain 16 acres, and this is the dif- 
ference between the circle and the square. 2 = the square. 
By Prin. C the circle is 4 of the square. Hence 4 the circle. 
4 16=acres. 
2 =80 acres=the square, 


$ = 64 acres = the circle. 


Sel 
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(2.) The corner A B CO, Fig. 9, contains 20 square 
rods; a a straght line from AtoC. . 
= square. 
= circle. 
== 80 square rods = the four corners. 
= 400 square rods = area of square. 
x0 =AB? + Bo*. 
= 4 of 400 by Prin. B. Bo? = 100 by | 


Prin. oe 
Hence § G? = 200. 
AO = ,/200 = 144. 


(3.) In Fig. 9 the diameter of circle is 20; find 
the corner A B C. 
SOLUTION. 
202 X .7,854 = 319 = area circle. 
== square. 
= circle = 319. : 
1 — 4 of 319 = 79.7 = the four corners. 
ne corner = + of 79.9. 


(4.) In Fig. 9 the square is 40 acres; find corner 
ABC. 
== square = 40 acres. 
1 — 8 acres = the corners. 
ne corner = + of 8= 2 acres = answer. 


(5.) In Fig. 9, if the circle contains 20 acres 
find shortest distance from B to the circumference of 


circle. 


(6.) In Fig. 9, if a straight line from A to C is 
20 rods, find area of the corner A B C. 


SOLUTION COMMENCED: AGC? or 202 =400—¥ area of the 
square by Prin. A and Prin. B. Let learner finish. 
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(7.) In Fig. 10 the diagonal is 40; find the area 
of circle. 


SOLUTION: 402 = 1,600; 1,600 + 2 = 800 = the square by Prin. A. 
By Prin. D the square is & of the circle. 


# = square = 800. 
4= + of 800 = 160. 
_ $=1,280 = circle = answer. 
(8.) In Fig. 10 the diagonal is 80; find the seg- 
ment A DC. 
80? = 6,400; 6,400 + 2 = 3,200 = the square | 
by Prin. A. 


=circle. 
= square. 
#= the four segments. 
2= aes ,200. 
t= 


£=1 1 990— four segments. 
4 of 1, 920 = 480 = answer. 


(9.) In Fig. 10, A B is 60; find the are A DO. 
A B? =3,600. 
: 3,600 +-2=1 ,800 == the square by Prin. A. 
5 — 1,800. Prin. D. 
+= 360. 
= 2,880. 


Having the area of the circle, its circumference may be found by 
the ordinary ruie. The are required is 4 of the circumference. 


(10.) In Fig. 10, draw a line from the middle of 
A CO to the middle of A E. Given this line 40 to ||. 
find the segment A DC. 


40? = 1,600. 
1,600 X 1D x 3,200 = the square. 


From this the segment can readily be found by Prin. D. 


Here are two circles and two squares. 
We know by Principles “C” and “D” 
how the circles and squares are re- 
lated, but the question now to be de- 
cided is what relation do the circles 
hold to the circles, and the squares to 
the squares ? 


REMARK: Weshall use 2 “for 7854. 


in rig. 4; AB? < 4=area of large circle by 
PrinsA. 

AB? X 4=area of smaller circle. 

Pea. 


Here is explanation for last statement: AB? —area of larger 
square, but the smaller circle is 4 of that by Prin. A. 


It is evident from the above that the smaller circle is 44 of the 
larger. Hence 


(Prin. E.) The inner circle is 14 the next outer and so on out. 
The inner square is }4 the next outer and so on out. 


The inner segment G F Eis 4 the outer C D A and so 
on out. 


The inner corner R C F G is the outer and so on. 


COROLLARY: The square of the diagonal of any square is the 
area of the next largest square, 


(11.) In Fig. 11 the diagonal of the innermost 
square is 40; find a segment of the outermost circle. 
SOLUTION. 


40? = 1,600 = twice the inner square (Prin. A.) or once the second 
square by Prin. E. But the second square is 4 of the outermost circle, 
hence 4 = 1,600. 


+ = 400 = the sum of the four segments. Hence one segment is uy 
of 400 = 100. 
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+5. So: ee 
Proof: 400= the segments} of the outer 
circle. —-. 
: % = 1,600 = larger square = the square of the 
|| diagonal of inner square by corollary under Prin. E. 
| ./1,600 = 40 = the diagonal. 


(12.) In Fig. 11 the diagonal of the inner square. 
is 20; find the corner FO RG. 


SOLUTION. 
202 — 400 = the second square by corollary under Prin. E, But the 


|| inner circle is 5g of this square by Prin. C. 


Hence $= the square = 400. 
$= 50.. 
#= 150 =the four corners. 
One corner = 4 of 150 = 374 = answer. 


(13.) In Fig. 11 there are but two squares; this 
could be extended to an indefinite number. 


EXAMPLE. 


If the Snot of the fifth square is 80, find the 


inner segment E F G. 
SOLUTION. 


802 — 6.400—twice the fifth square; 6,400 + 2 = 8,200 the fifth square 
by Prin. E. 3,200+2=1,60=the fourth square 1,600+2= 800 = third 
square. 800+2—400=second EQUA eS 400 +-2=200= first ideeat all by 
Prin. E. But the first square is 4 = of the first circle. $=200; $=50 = 
the four segments. Hence one segment=) of 0—12)4 answer, 


REMARK: As there were 5 squares the inner would be #5 of the 
outer. If there were six the inner would be 7; of the outer and so on. 


eae 
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SOLIDS. 


The cube has six equal square faces. Any edge of the cube square 
will give one of these faces. : 


Brg. 12: For example, BD2 =one 

| face, or DG? = one face, or 
AB? = one face. 

Princrpte A!: The 

diagonal of a cube 

squared, equals three 

faces of the cube, or 

3 times the square of 

one edge. 

DEMONSTRATION: BDC 

is a right triangle. A BC. 

isa right triangle. Hence, 

BC?=BD?+DG?. Also, 

AC?= AB2+BC2. Now 

instead_of BC?, place its 

equal BD?2+DC2, and we 

have AC2=AB24BD2+DC2- But AB?, BD? and DC? are respect- 
ively faces of the cube. Hence AO? is equal to three faces, 

REMARK: BC? = two faces. 


EXAMPLES. 


(1.) If AC in Fig, 12 is 40, find the surface of, 
the cube. 


SOLUTION. 


402 —1,600=8 faces, Prin. A? 
Hence 6 faces = 3,200 = answer. 


(2.) If AC=80, find BD. 


SOLUTION. 


802 —900=8 faces, Prin. Al 
14 of 900 = 3800 = 1 face. 
af 300 =17.8=B D. 


—-— 
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(3.) The surface of the cube is 7,200, find A OC. 
7,200 + 2 = 3,600 = 8 faces = the square of AO by 
Prin. A}. 


./3,600 = 60 = AG. 


(4.) at=60; find EF. 
At ?=8,600 ; 3,600+3=1,200—fC? by Prin.A!. 
CF?=+} of 1,200=300 by Prin.B under the square 
o/ 1,200 + 300 = 38 ++. 


(5.) AC=60; find area of a circle inscribed in 
one face of the cube. 
AC? =3,600; 3,600 -+3—1,200 —area of one 
face. Now take .7854 of this and we have the 
area of the circle, or to be brief and not so 
exact, take ¢ of 1,200. 


(6.) AC is 30; find shortest distance from N to 
H on the surface. 


The shortest path will be along the line NG H. Thisiseasilyseen 

| by regarding a chalk box as a cube and marking it off as in this figure. 

Then revolve the lid on E K asa hinge until N isin a straight line 

| with EC. Then N GH will be a straight line and the hypothenuse 

|| of a right triangle of which N E C will be altitude and O H the base. 

Ac —900; 990 +8=3800—=CH2, N E Cis twice as long as C H; hence 

its square will be 1,200; 300 +1,200=1,500; pf 1500 = 88 + =N G F the 
shortest distance. 


(7.) Given A O, in Fig. 12, 30; find slant hight 
of cone. 


SOLUTION. 


We want to find the line S F. We shall get it through the right 
triangle S O F. If we know the square of S O and the square of O F 
| wecan get S F. 
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30? = 900 = 8 times 80? by Prin. A’. 
+ of 900 = 300 = §0*. OF? is $ of 300 = 75} 
by Prin. B. ee 7 
300+ 75 = 375 = SF?. /3%=19.4—=5F. 
(8.) Given the irregular corner H P X F 20 
square rods to find capacity of the cone. 


SOLUTION. 


To get the capacity we must Know the base and altitude. The four 
corners= 80 square rods, which is $ of the square H BDC by Prin. C 
under Fig. 9. If t=80, $=3200= the circle by the same principle. We 
now have the base, : 


-£== 400 = the square H B DC by Prin. C. 
./00 = 20 = altitude. Hence 229*29=— 2,133} | 
by the rule for getting capacity of a'cone. . 


Let the teacher make more examples and solve them. 


Fie. 13. “ ais 5 Here is a sphere in a 
eube. Let us study these 
two solids together: 


(1.) The diameter of 
the sphere is the edge of 
the cube. 


(2.) The great circle of 
the sphere is the same as 
the circle inscribed in 
one of the faces of the 
cube. 


(3.) Diameter? = one 
face of the cube, and this 
multiplied by .7854 will 
give the circle inscribed 
in one face. Here is the 
statement: 


(a) Diameter? x .7854—= inscribed circle. 


atrenae? 


, 
bale (chi eet oe 


.¢ 
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| by rule. Now this last statement i is Just 4 times the 
; one marked (a). 
HENCE THE SURFACE OF A SPHERE IS EQUAL TO 4 TIMES 
THE CIRCLE INSCRIBED WITHIN ONE FACE OF THE CUBE. 
This we shall call Prov. B?. 


NOTE: Here is another interesting relation, Diameter? X 3.1416 
=surface of sphere. Diameter? x 6=surface of the cube. Hence the 
| Surface of the cube is nearly twice the surface of the sphere, practi- 

cally 1.9 times that of the sphere, 


(1.) In Fig. 13, BC = 40; find surface of inscrib- 
ed sphere. 


SOLUTION. ~ 


402 =1,600= two faces by Prin. A. 4 of 2,600=8000ne face. .7854< 
800 = 628.32 = area of one of the inscribed circles. But as the sphere is 
equal to four such circles, then 628.32 K 4 = 2513.28= surface of sphere. 


(2.) The surface of the inscribed sphere is 12,- 
000; find surface of the cube. 


SOLUTION. 
12,000 < 1.9 = 22,800 answer. 
See note under Prin. B!, 


(3.) In Fig. 18, the irregular figure D F E G con- 
tains 5 acres; find number of acres in the surface of 


the cube. 


SOLUTION. 


By Prin. C under the square we have 2 z= the square F P, aaa z= 
the inscribed circle 4 z= the four irregular corners = 20 acres, + 2 = 100 
acres = one face of cube. Hence 600 acres is surface of cube. 


_(4.) In Fig. 13 the irregular figure D F E G is 
10 acres; find surface of inscribed sphere. 


SOLUTION. 


Prin. C gives 8 = square F P. $ = circle 5 = 40, the four corners. 


=160 =the circle. But by Prin. Bl under Fig. 13, the surface of 
the sphere is 4 times this circle. Hence surface of the sphere is 160 x 4 


= 640 acres = answer. 
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(5.) In Fig. 13 the segment D G E is 15 acres; 
find surface of cube. 


SOLUTION. 


By Prin. D under Fig. 7 the square D E H O is % of the circle about || 
it. Hence e = the circle. 2 = the square D H % = the four segments 
|| = 60 acres, 34 = 60 acres, 14 = 20 acres and ae = 160 acres = area of cir- 
cle DGHO. But by Principle C under Fig. 7 this circle is $ of 
the square F P. Hence 3 =square, and 4=the eircle = 160 of += 
160 then 4 = 4 of 160 = 40 and 3 = 800 = the square F P, But the sur- 
face of the cube is 6 times 800 = 4,800 = answer. 


(6.) In Fig. 13, D G E is 10 acres; find surface 
of inscribed sphere: 


SOLUTION. 
By Prin. D Fig.7, § =circle and # =the square DEHO and S= 
the four segments = 40 acres. If $=40, $= 49 and § = 420 acres = 


area of the circle. But the surface of the sphere is 4 times 320 =1280 
= 426% acres, by Prin. B} Fig. 13 oe 


(7.) In Fig. 18, ED=40 rods; find capacity of 
inscribed sphere : 


SOLUTION, 
To find the capacity of sphere we should know the diameter, ih 
E D? or 402 = 1600 = twice the square of E F by Prin. A. under Fig. 

2. But AF? is 4 times EF? by Prin. B under Fig. 3. Hence AF2 =3900 

and ,/3200 = 56.5 = diameter of sphere. 56.58 > .5236 = 94666,88, 


(8.) In Fig. 18, E D=40; find surface of in- 
scribed sphere: ; 


SOLUTION. 


Diamater? x 3.1416 = surface by rule. ED? or 407 = 1600 — twice 
EF*='% AF®. Hence A F=3200. .But A F? is the square of the 
diameter. Henee 3200 < 3.1416 = 10053.12 = answer. 


~~ ae 
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PROBLEMS TO BE SOLVED. 


1. Ifin Fig. 13, the square K S U X contains 20 
square feet, what is the diagonal A O ? 


2. Given the circle inscribed in KS U X to be 20; 
find surface of inscribed sphere. 


8. Given diagonal A C =60 feet. Find diagonal 
of the square KS U X. ; 


4, Given diagonal of square DEH O 60; find ca- 
pacity of inscribed sphere. 


5. Given capacity of inscribed sphere 10472, to 


find A C. 


6. Given the segments DG E 10 Pos, to find 
surface of inscribed sphere. _ 


7. Given the irregular surface D G E F 10 acres; 


| to find capacity of the cube. 


8. Ifthe segment D G E is 20 acres, find the sur- 
face of a sphere circumscribed about this cube. 


9. Ifthe square K X U S is 10 acres, find the sur- 
face of the sphere circumscribed about this cube, 


Principle C' A sphere circumscribed about a cube is 5.2 times the 
sphere incribed within it. 


Pupils not familiar with algebra are not expected to understand 
the reason why, but we here give a demonstration for such as may be 


interested. 


In Fig. 13, let A C be represented by D,and ABbyd. Dis the di- 
ameter of the outer sphere, and d is diameter of theinner. By rule 
for capacity of a sphere, found in all arithmetics— 


(1) D? X .5236 = capacity of outer sphere. 
(2) d? X .5236 = capacity of inner sphere. 


We Maint compare these in this form because one is in the terms 
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of D and the other in termsofd. The plan is to reduce one to terms of 
the other as follows : 


By Prin. A? Fig. 12, D?=3 d? from which 
D=d_./3 =1.7323 d. 
D? = 5.198395 d?. 


Substitute this in equation (1) above and we have 


5.198395 X.5236 d® = capacity of outer sphere, or 

(3) 2.721879 d? =capacity of outer sphere. 
Equa. (2) becomes (4) 5236 d?=cap. inner sphere. 
(3)-+-(4)=5.19. Hence the outer is 5.19 tms the inner. 


EXAMPLES, 


1. In Fig.13 the area of a circle D G H O is 40 acres; 
find surface of circumscribed sphere. 


SOLUTION. ? 
By Prin. B! under Fig. 10 the inner sphere is 40 acres, and by Prin. 
| ©1 the outer sphere is 40 X 5.19 = 207.6 acres = answer, 


REMARKS. This principle is not valuable, only as a means of 
getting a wider understanding of the various relations existing between 
these solids. All examples solved by this law could be solved through 
AC. In fact, A C is the key to these solids. 


THE SQUARE PYRAMID AND CYLINDER. 


A pyramid or cylinder may be inscribed in the cube and examples 
made as with other solids. The relation is such that hundreds of very | 
interesting examples may be made, that make a fine review of all 
the rules pertaining to these solids, 


¢ 


